Massive rotating stars: the road to supernova explosion by Hirschi, Raphael & Maeder, André
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¯¨¯¡ºOµ·½¨µ·½ØÁOÆ»º½²ºT¾°C¯¡®´°¯¡ºO±,¿A¯»ºT®Ç¶·µ·Ù®×¯»µ·ØÉ®Û¾.Ù
¯»ºT®¹½²ÁT¿"Ý7ºTµ·Æ»ºëµ·½7±,°²¾.ÁT¿O¸¢¿Tµ·¿T®}ÅTµ·¶·¶·µ·¾¿Ô®Ö±,°È½Î
à¨¯Û¯¡ºO®è®´¿O¸ﬀ¾.Ù(ºÔ¸T°È¾Ê.®´¿!ì§íÇóÄÅTÁO°È¿Tµ·¿OÊTÕF¯¡ºO®èÆ´¾.°È®ÉÆ´¾.¿¯»°²±,Æ×¯¡½}±,¿O¸5¯¡ºO®è®´¿³®¶·¾.Ã0®É®]\ÃO±.¿T¸T½
ì®ÜûF®´Æ×¯}Æ±,¶·¶·®´¸5¯¡ºT®fCØÉµ8°È°È¾.°Ç®ÜûF®Æ×¯uCóÜÎÛøåºT®	®Ü³¾.¶·ÁN¯»µ·¾.¿G¾.Ù¯¡ºO®	®´¿³®´¶·¾.ÃF®³.±.°Èµ·®´½ÄÝ7µæ¯¡ºQ¯»ºT®	µ·¿Tµæ¯¡µ8±.¶
ØA±,½²½}¾.Ù<¯¡ºT®ﬂ½C¯×±,°}±,¿T¸¸T®´ÃF®´¿T¸O½¹¾.¿$ØA±,½²½}¶·¾.½²½´ÎAâµ·¿TÆ´®ÉØA±,½²½¹¶·¾½È½}¾NÆ´Æ´ÁT°²½´Õ*¯¡ºO®¯»¾D¯»±,¶MØA±,½²½}¾.Ù
¯»ºT®7½¯»±,°M³±,°Èµ·®´½¸OÁT°Èµ·¿OÊÛ¯»ºT®7®×³¾.¶8ÁN¯¡µ·¾.¿:ÎøåºT®ÄÙ¾.¶·¶·¾Ý7µ·¿OÊÆ¾.¿³®´¿¯¡µ·¾.¿ÉÝÄµ·¶·¶&ÅF®7ÁT½²®´¸Aµ·¿ﬂ¯¡ºTµ·½<Ý¾.°ÈäFÎ
êCÙ¯»ºT®èØA±,½È½¹¾.ÙM¯¡ºO®è½¯»±,°Ûµ·½¹Ê.µæ³®´¿±,½}±,¿ﬀµ·¿¯¡®Ê.®´°´Õ*µæ¯Æ´¾.°È°²®´½²Ã0¾.¿O¸T½Ä¯¡¾¯¡ºT®èµ·¿Tµæ¯»µ8±,¶Øﬂ±.½È½¹¾.ÙM¯»ºT®
½¯»±.°´Î!êçÙÇµæ¯Aµ·½ﬂÊ.µæ³®¿^ÝÄµæ¯¡º!¸O®´Æ´µ·ØA±,¶·½Õµæ¯ Æ´¾.°È°È®½ÈÃF¾.¿T¸O½	¯¡¾ﬀ¯¡ºT®ëØﬂ±,½²½ﬂ¾.Ù7¯¡ºT®¢½¯»±,°ﬂ¸TÁO°Èµ·¿TÊG¯»ºT®
®Ü³¾.¶·ÁN¯»µ·¾.¿ﬀ¾°Ä¯¡¾"µæ¯»½zO¿&±,¶Øﬂ±.½È½ÎêCÙ(Øﬂ±,½²½¹¶·¾.½²½¹µ·½¹½²Øﬂ±.¶·¶åì
M . 20M
±¯½²¾.¶8±,°¹ØÉ®×¯»±.¶·¶·µ·Æ´µæ¯çÔOóÜÕ
¯»ºT®¹®´¿³®´¶·¾.Ã0®}®]\Ã&±,¿T¸O½åÁT¿¯¡µ·¶F¯¡ºO®¹½¯»±,°åÅF®´Æ´¾.Øﬂ®´½±É°È®´¸¢½²ÁOÃ0®´°ÈÊµ8±,¿¯ìöÄâOÚ}ó±,¿T¸¯»ºT®¹½¯»±,°å®¿T¸T½
ÁOÃ1±,½ ±öÄâTÚèÎ<êçÙÛØﬂ±,½²½A¶·¾.½²½Aµ·½ﬂ½²ØA±,¶·¶¸TÁO°Èµ·¿TÊﬀ¯»ºT®Qáﬀâ^ÅOÁN¯ µ·ØﬂÃ0¾.°¯»±,¿¯ µ·¿!¯¡ºT®QöÄâOÚu½¯»±.Ê.®
ì
20M . M . 50M
Ù¾.°Ä°È¾D¯»±¯»µ·¿TÊA½¯»±.°È½Ç±¯Û½²¾.¶8±,°ÄØÉ®Ü¯»±,¶·¶·µ·Æ´µæ¯çÔ&ó×ÕO¯»ºT®½¯×±,°7®×³®¿¯¡Á&±,¶·¶æÔQ¶·¾.½²®´½
Øﬂ¾.½¯Ç¾.Ùµæ¯¡½7ºÔT¸T°È¾.Ê®´¿Q°Èµ·Æ»ºQ®¿³®´¶·¾.ÃF®.ÎøåºT®®´¿³®´¶·¾.Ã0®¹¯»ºT®´¿QÆ´¾.¿¯¡°²±,Æ×¯»½Ä±,¿O¸"¯»ºT®½C¯×±,°7Å0®´Æ¾.ØÉ®´½
±AÅT¶·ÁO®½²ÁTÃF®´°ÈÊ.µ8±,¿¯èìmåâTÚ}óÜÎTô ºO®´¿¢¯»ºT®®¿¯¡µ·°È®ºÔ¸O°È¾.Ê.®´¿5°Èµ·Æ»º5®´¿³®¶·¾.Ã0®µ·½Ä¶·¾.½¯Éì
M & 21M
Ù¾.°°È¾D¯»±D¯¡µ·¿TÊQ½¯»±.°È½	±¯	½²¾.¶8±,°Øﬂ®×¯»±,¶·¶·µ·Æ´µü¯çÔOó×Õ¯¡ºT®A½¯»±,°ÅF®´Æ´¾.Øﬂ®´½	±"ô¾.¶·Ù·õNö7±´Ô®×¯"ìôªöÄó¹½¯»±,°´Î¢êçÙ
ØA±,½²½Û¶·¾.½²½Ûµ·½}±,¶·°È®±.¸NÔGµ·ØÉÃF¾.°C¯»±,¿¯}¸TÁT°Èµ8¿TÊA¯»ºT®èáﬀâì
M & 50M
Ù¾.°Û°È¾D¯»±¯»µ·¿TÊ"½¯»±,°È½}±¯¹½²¾.¶8±.°
Øﬂ®×¯»±,¶·¶·µ8Æ´µæ¯çÔOó×Õ.¯¡ºT®å½C¯×±,°<±,¶·°È®±,¸Ô	ÅF®´Æ´¾.Øﬂ®´½<±Äôªö!½¯»±,°M¿T®Ö±,°¾.°<±¯M¯¡ºO®®´¿T¸É¾.ÙO¯¡ºT®áGâè±,¿T¸É¿T®Ü³®´°
ÅF®´Æ´¾.Øﬂ®´½Û±öÄâTÚèÎKù7¾D¯»®}¯»ºO±¯¹µ·Ù¯¡ºT®	½¯»±,°Çµ·½Çµ·¿ﬀ± ÅOµ·¿O±,°CÔ5½Ô½¯¡®´ØëÕ&¯¡ºO®ØA±,½²½Ç¶·¾.½²½ÛºTµ·½¯¡¾.°CÔ5ÆÖ±,¿
ÅF®¹½²µ·Ê.¿Tµ &Æ±,¿¯»¶æÔ"Æ»º&±,¿TÊ.®¸*Î
êç¿ﬀ¯¡ºO®ÉÆ´¾°È®.ÕÆ´¾.¿¯¡°¡±,Æ×¯¡µ·¾.¿Æ´¾.¿¯¡µ·¿NÁT®´½ÁT¿¯»µ·¶¯¡ºT®ﬂÆ´®´¿¯¡°²±,¶¯¡®´ØﬂÃ0®°²±¯¡ÁO°È®Éµ·½ºTµ·Ê.º®¿T¾.ÁTÊºG¯»¾
½¯»±.°C¯¢ºT®´¶·µ·ÁOØ ìíÄ®ÖóAÅTÁT°²¿Tµ·¿TÊ ì
Tc ∼ 1.5 108  ó×Îåí7®»õÅOÁT°È¿Oµ·¿TÊ^¶8±,½¯¡½Ù¾.°"±,ÅF¾.ÁN¯$Ëñ: ¾Ù}íåõ
ÅOÁT°È¿Oµ·¿TÊÄ¶·µ·Ù®×¯»µ·ØÉ®.Î
k
ÁO°Èµ·¿OÊ¯¡ºTµ·½½¯»±,Ê.®ÕDºO®´¶·µ·ÁOØµ·½3¯¡°²±,¿O½ÈÙ¾.°ÈØÉ®¸µ·¿¯¡¾ÇÆ±,°ÈÅF¾.¿	±,¿T¸¾I\NÔÊ.®´¿:Îù7¾D¯»®
¯»ºO±¯ íÄ®»õÅTÁO°È¿Tµ·¿OÊ$µ·½ﬂ½È®¿T½²µæ¯¡µæ³®"¯¡¾G¯¡ºO®¯¡°È®Ö±¯¡ØÉ®¿¯A¾.ÙÄÆ¾.¿³®´ÆÜ¯¡µ·¾.¿úÅ0®´ÆÖ±,ÁT½²®¯¡ºT®Qí7®»õÅOÁT°È¿Oµ·¿TÊ
Æ¾.°È®ëÊ.°È¾Ý7½Aµ·¿úØﬂ±.½È½ ±,¿T¸úÙ±,Æ´®´½ ±$ØÉ®±,¿úØﬂ¾.¶·®´Æ´ÁO¶8±,°èÝ®´µ·Ê.º¯5ì
µ
óèÊ.°²±.¸Tµ·®´¿¯ÖÎ1í7®×õÅTÁO°È¿Tµ·¿OÊ$µ·½
ð
^ÎÏÐbdc
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
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±,¶·½²¾É½²®´¿O½Èµæ¯»µæ³®Ç¯¡¾	¯¡ºT®¹°²±¯¡®¹¾Ù*¯»ºT®¹¿ÁTÆ´¶8®±,°å°È®±,ÆÜ¯¡µ·¾.¿ 12 ­ (α, γ)16
ÓgÝ7ºTµ·Æ×º"Æ¾.ØÉÃF®×¯¡®´½¨ÝÄµæ¯¡º¯¡ºO®
¯¡°²µ·ÃT¶·®»õ
α
°È®±.Æ×¯¡µ·¾.¿Þì¯¡°¡±,¿T½²Ù¾.°ÈØﬂµ·¿TÊ$ºT®´¶·µ·ÁOØ µ·¿¯¡¾ﬀÆÖ±,°ÈÅ0¾¿&ó×Î!âN®´®QâNÆ»ºT¶é±¯È¯¡¶å®×¯A±,¶Îì§ð,ñ.ñ

ó	Ù¾.°É±
°È®Æ´®´¿¯Ä¸Tµ·½²Æ´ÁO½È½²µ·¾.¿ë¾.¿¯¡ºOµ·½¯¡¾.ÃOµ·Æ.Î
íu±,¿O¸1íÄ®»õÅTÁO°È¿Tµ·¿OÊ.½ ±,°È®QÆ±,¶·¶·®¸I¯»ºT®Q®±,°È¶æÔú½¯»±,Ê.®´½Î>øºT®×Ôú¶8±,½¯Ù¾.°A±.Å0¾.Á¯þ.þ:l¾.ÙÄ¯¡ºO®
¶·µ·Ù®ﬂ¾.Ù<¯¡ºT®ÉØA±,½²½Èµæ³®É½¯»±,°´ÎÉê§¯µ·½Û¯¡ºT®°È®´Ù¾.°²®è®Ö±,½Ô5¯¡¾¢¾.ÅO½È®°C³®É½¯»±,°È½}µ·¿G¯»ºT®´½²®É®±,°È¶æÔ$½¯»±,Ê.®´½±,¿T¸
¾.ÅO½È®°C³.±¯»µ·¾.¿O±,¶¯¡®´½¯¡½Ù¾.°ØÉ¾N¸T®´¶·½±,°²®¸O®´½²Æ´°Èµ·Å0®¸µ·¿ÉâN®´Æ×¯ÎË.Î

Î
k
ÁT°Èµ·¿OÊ¯¡ºO®´½²®½¯»±,Ê.®´½Õ¯»ºT®®¿T®´°ÈÊ,Ô
ÃO°È¾¸TÁOÆ´®´¸QÅÔë¿ÁOÆ´¶·®±,°7°È®±.Æ×¯¡µ·¾.¿O½7µ·¿¢¯¡ºO®Æ´¾.°È®µ·½Ä®×³.±,ÆÁO±¯¡®´¸5ÅÔëÃTºO¾D¯¡¾.¿T½Ý7ºTµ·Æ»ºQµ8¿¯¡®´°²±.Æ×¯7Ý7µæ¯¡º
¯¡ºO®®´¿³®¶·¾.Ã0®.ÎÄàÄÙ8¯»®´°Çí7®»õNÅTÁT°²¿Tµ·¿TÊOÕO¯¡ºO®Æ´¾.°È®Æ´¾¿¯¡°²±,ÆÜ¯¡½Û±,Ê±,µ·¿ﬀ±,¿T¸ë¯»ºT®Æ´®´¿¯»°²±,¶:¯¡®ØÉÃF®´°²±¯¡ÁO°È®
°È®Ö±,Æ»ºT®´½A±,Å0¾ÁN¯ﬂº&±,¶·ÙÇ±ﬀÅTµ·¶·¶·µ·¾¿!¸T®´Ê°È®´®´½

®´¶æ³µ·¿:Î!÷T°²¾.Øl¿T¾Ýo¾.¿Ý±,°È¸T½ÕØÉ¾.½¯A¾.Ù¯¡ºO®"®¿T®´°ÈÊ,Ô
Æ´°²®±¯¡®´¸úµ·¿^¯¡ºT®¢Æ´¾.°²®¢µ·½ÉÆÖ±,°È°Èµ·®¸ú±´Ýå±´Ô!ÅÔI¿O®´ÁN¯¡°²µ·¿T¾.½ëì?ÃOºT¾D¯»¾õ¿T®´Á¯¡°Èµ·¿O¾.½Õ(Ã&±,µ·°ﬂ±,¿O¿Tµ·ºOµ·¶8±¯¡µ·¾.¿:Õ
ÃO¶8±,½ÈØA±ﬀ±,¿T¸IÅT°È®´Øﬂ½²½C¯»°²±,ºT¶8ÁT¿TÊG¿O®´ÁN¯»°Èµ·¿T¾.½»ó×ÎâNµ·¿OÆ´®¿O®´ÁN¯¡°²µ·¿T¾.½èº&±,°È¸T¶æÔ^µ·¿¯¡®°²±,Æ×¯èÝ7µæ¯¡ºIØA±¯È¯¡®´°Õ
¯¡ºO®¹®×³¾.¶·Á¯¡µ·¾.¿¢¾.Ù:¯»ºT®¹Æ´¾.°È®}Å0®´Æ¾.ØÉ®´½¸T®´Æ´¾.ÁOÃT¶·®´¸¢Ù°È¾.Ø_¯¡ºO®¹®´¿³®´¶8¾.Ã0®.Î<øåºT®¹½²ÁT°²Ù±,Æ´®¹ÃT°²¾.Ã0®´°¯¡µ·®´½
¾.Ù½C¯×±,°È½¹¯¡ºT®´°²®´Ù¾.°È®A¸T¾ë¿T¾D¯	Æ»ºO±,¿OÊ.®ﬂ¸OÁT°Èµ·¿OÊ¯¡ºO®ﬂÙ¾.¶·¶8¾Ý7µ·¿TÊQÅTÁO°È¿Tµ·¿OÊ¢½¯»±.Ê.®´½¹Ý7ºTµ8Æ»ºÆ´¾.¿O½¯¡µæ¯¡ÁN¯»®
¯¡ºO®$±,¸N³.±.¿TÆ´®´¸ ½¯×±,Ê.®´½ÎøºTµ·½¢ØÉ®Ö±,¿T½¯¡ºO±¯"Ý®$ºO±´³®$¿T¾IÃF¾.½²½Èµ·ÅOµ·¶·µæ¯çÔ>¾Ù¸Tµ·°È®Æ×¯¡¶æÔ>¾.ÅO½È®°C³µ·¿TÊ
¯¡ºO®´½²®7±,¸N³±,¿TÆ´®¸ﬂ½C¯×±,Ê.®´½Î
k
ÁO°Èµ·¿TÊÛ¯¡ºO®7±,¸N³±,¿TÆ´®¸ﬂ½C¯×±,Ê.®´½Õ.¯»ºT®Ù¾.¶·¶·¾Ý7µ·¿OÊ}ÅOÁT°È¿Oµ·¿TÊ}ÃTº&±,½²®´½(¾Æ´Æ´ÁO°
Æ±,°²Å0¾.¿:Õ:¿T®´¾¿*Õ:¾I\ÔTÊ.®´¿±,¿O¸$½²µ·¶·µ·Æ´¾.¿*ÎÉøåºT®ÜÔQÝÄµ·¶·¶MÅF®è¸O®´½²Æ´°Èµ·Å0®¸ﬀµ·¿âN®´Æ×¯ÎËÎ ÌÎèà¯Û¯»ºT®É®´¿O¸ﬀ¾.Ù
¯¡ºO®A±,¸N³±,¿TÆ´®´¸½¯»±.Ê.®´½ ì?Æ±,¶·¶·®¸ﬀ¯¡ºT®ﬂÃO°È®»õ½²ÁOÃ0®´°È¿O¾³.±¢½¯»±,Ê.®ÖóÜÕ±.¿µ·°È¾.¿Æ¾.°È®Qì?Æ¾.ØÉÃF¾.½²®´¸¾.Ù¨µ·°È¾.¿
Ê.°²¾.ÁTÃ!®´¶8®´ØÉ®´¿¯¡½»ó	µ·½ﬂÙ¾.°ÈØﬂ®´¸*Î1âNµ·¿OÆ´®¢µ·°È¾¿!Ê.°È¾.ÁOÃ!®´¶·®´Øﬂ®´¿¯»½A±,°È®¯¡ºO®¢ØÉ¾.½¯A½¯»±,ÅO¶·®¢®´¶·®ØÉ®´¿¯¡½Õ
¿O¾^ÙÁT°¯¡ºT®´°¿NÁTÆ´¶·®Ö±,°°È®Ö±,Æ×¯¡µ·¾.¿ Æ±,¿ ÃT°È¾N¸TÁTÆ´®ﬀ®´¿T®´°²ÊDÔÎﬃøåºO®GÆ´¾.°²®GÆ´¾.¶·¶8±,ÃO½²®´½"¸TÁO®Q¯¡¾Iµæ¯¡½"¾Ý7¿
Ê.°¡±´³µæ¯çÔÎôªºT®´¿ë¯»ºT®Æ´¾.°²®°È®±,Æ»ºO®´½Ç¿ÁOÆ´¶·®±,°Ç¸T®´¿T½²µæ¯»µ·®´½ÕF±,¸O¸Tµæ¯»µ·¾.¿O±,¶µ·¿OÙ±,¶·¶·µ·¿OÊ ¶8±´Ô®°È½ÇÅ0¾.ÁO¿TÆ´®¾.¿
¯¡ºO®	Æ´¾.°È®.Î¹øåºTµ·½ÛÆ´°È®±D¯¡®´½¹± ½ÈºO¾Æ»äì?ÃO°È¾.ØÉÃ¯Û½²ºO¾Æ»äóå¯»ºO±¯¹½¯»±,¶·¶·½Ä³®´°CÔ¿ÁTµ·Æ»äN¶æÔ^ì±,Ùé¯¡®´°7¯¡°²±´³®´¶·µ·¿TÊ
¾.¿O¶æÔﬂ±,ÅF¾.ÁN¯ÄËÍ,ñ¹äNØAó×ÎMù7®´Á¯¡°Èµ·¿O¾.½Õ®´ØÉµæ¯²¯¡®´¸ﬂµ·¿É¯¡ºT®7Æ´¾.°È®.ÕN±,°È®ÅF®´¶·µ·®×³®¸è¯¡¾°È®×³µæ³®å¯¡ºOµ·½<½²ºO¾Æ»ä	ÅÔ
¯¡°¡±,¿T½²Ù®´°²°Èµ·¿TÊÇ¯¡ºO®´µ·°M®´¿O®´°ÈÊDÔ¯»¾¹ÃO±,°¯¡µ·Æ´¶·®´½³µ8±¹µ·¿¯¡®´°¡±,Æ×¯¡µ·¾.¿O½7ì?¸T®´¶8±´Ô®´¸É®\ÃT¶·¾.½²µ·¾.¿0ó±,¿O¸	¯¡°Èµ·Ê.Ê®´°¯¡ºO®
½²ÁTÃF®´°È¿O¾³.±ëì§âTùÇó®]\ÃO¶·¾.½²µ·¾.¿*Î¨ùÄ¾D¯¡®Û¯¡º&±¯¯¡ºO®×Ôë±,°È®ÃT°È¾.Å&±,ÅT¶æÔ¢ºO®´¶·ÃF®´¸ëÅÔ¢Æ¾.¿³®´Æ×¯»µ·¾.¿*Õ&°È¾D¯×±¯¡µ·¾.¿
±,¿O¸ØA±,Ê.¿T®×¯»µ·Æ,&®´¶·¸T½Îﬀí7¾Ýå®×³®´°´ÕM®Ü³®´¿I±,Ù8¯¡®´°	Øﬂ±.¿ÔÔ®±,°È½è¾.Ùå°²®´½²®±,°ÈÆ»º:ÕØﬂ¾¸T®´¶8½	½C¯»°ÈÁTÊ.Ê¶·®ﬂ¯¡¾
°È®ÃT°È¾¸OÁTÆ´®¯¡ºO®¢®]\ÃT¶·¾½Èµ·¾¿!ÁO½Èµ·¿OÊG¯¡ºT®¢Øﬂ¾.½¯AÁTÃNõ¯¡¾õ¸&±¯¡®¢ÃTºÔ½²µ·Æ´½Qì±,¿Tä,±ﬀ®×¯ ±,¶Î(ð.ñ.ñ.Ìó×Î1âTù
®]\TÃT¶·¾.½²µ·¾.¿O½Æ´°²®±¯¡®±Q½²ºT¾Æ»äGÝå±´³®ﬂ¯¡ºO±D¯ÝÄµ·¶·¶<¯¡°²±´³®¶M¯»ºT°È¾.ÁOÊ.º¯¡ºT® ½¯»±,°ÎëøºT® ÃO±,½²½¡±,Ê.® ¾.Ù¨¯¡ºO®
½²ºT¾NÆ»ä	Ýå±´³®ÇºO®±¯¡½¨ÁOÃ ¶8±´Ô®´°È½¯¡¾	ºTµ·Ê.ºA¯¡®´ØÉÃF®´°²±D¯¡ÁT°È®Ç±,¿O¸ ¿NÁTÆ´¶·®±,°¨ÅTÁO°È¿Tµ·¿OÊ.½ÇìÆ±,¶·¶·®´¸®]\TÃT¶·¾.½²µæ³®Öó
½²µ·ØÉµ·¶8±.°¨¯»¾	¯¡ºT®}ÃT°È®»õN®]\ÃT¶·¾½Èµæ³®¹ÅOÁT°È¿Oµ·¿TÊÉ½¯»±,Ê.®´½ì?Æ±,¶·¶8®´¸¢ºÔ¸T°²¾.½C¯×±¯¡µ·ÆÖó¾Æ´Æ´ÁO°´Î
âTùR®]\ÃO¶·¾.½²µ·¾.¿T½èºO±´³®"Å0®´®¿Æ¶8±,½²½Èµ &®´¸^ÅÔ¾ÅT½²®´°C³®°È½è±.¿T¸¯¡ºO®´µ·°	Æ´¶8±,½²½²µ OÆ±¯»µ·¾.¿ ì½²ºT¾Ý7¿^µ·¿
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Óªµ·½<¯¡ºT®7½²¶·¾Ý®´½¯°È®±,ÆÜ¯¡µ·¾.¿Aµ·¿ﬂ¯¡ºT®7Æ×ÔTÆ´¶·®Öó×ÎMùÄ¾D¯¡®å¯¡º&±¯¨¶·¾Ý®´°
ØA±,½È½å½¯»±.°È½±,¶·½²¾èÆ¾.¿¯¡°Èµ·ÅOÁN¯¡®¹½Èµ·Ê¿Tµ OÆÖ±,¿¯¡¶æÔ ¯¡¾¯»ºT®ÛÃO°È¾¸OÁTÆ×¯¡µ·¾¿"¾.Ù 13 ­ÇÕ 14 ùzì±,½¨Ý®´¶·¶:±,½ 23 ùÄ±óÜÎ
êç¿>í7®»õÅOÁT°È¿Oµ·¿TÊTÕ¯»ºT®QØA±,µ·¿1°È®±,Æ×¯»µ·¾.¿T½±,°²®¢¯¡ºT®¢¯¡°²µ·ÃT¶·®»õ
α
°È®±,Æ×¯»µ·¾.¿*Õ 4 í7® (2α, γ)12
­ÇÕ±,¿O¸
12 ­ (α, γ)16
Ó	Î&øåºO®}°È®Ö±,Æ×¯¡µ·¾.¿Q°¡±¯¡®¾.Ù 12 ­ (α, γ)16
Óﬃµ·½Ä½¯¡µ·¶·¶3ÁT¿OÆ´®´°C¯»±.µ·¿Q±.¿T¸ëµ·½¯¡ºO®´°È®´Ù¾.°²®±ﬂ°È®s
ØA±,µ·¿Tµ·¿OÊÃO°È¾.ÅT¶·®Ø¢ÎøåºT®´°²®<µ·½±.¶·½È¾Ä±ÃT°È¾N¸TÁTÆ×¯»µ·¾.¿}¾.Ù¿T®´Á¯¡°È¾.¿O½:¸OÁT°Èµ·¿OÊ7íÄ®»õÅTÁO°È¿Tµ·¿OÊÅÔÛ¯¡ºT®(Æ»ºO±,µ·¿
°È®Ö±,Æ×¯¡µ·¾.¿ 14 ù (α, γ)18
÷
(β+)18
Ó
(α, γ)22
ùÄ®
(α, n)25
áQÊ±,¿T¸!ÅÔ¯¡ºT®¢°È®±,Æ×¯¡µ8¾.¿ 13 ­ (α, n)16
ÓèÎ
øåºOµ·½(¿O®´ÁN¯»°È¾.¿ﬂÃO°È¾¸OÁTÆ×¯»µ·¾.¿Aµ·¿T¸TÁOÆ´®´½M¯¡ºO®½CõÃO°È¾Æ´®½È½ÎøåºO®7½çõÃO°È¾Æ®´½²½Äì?½Ù¾.°(½È¶·¾ÝÛóMÃT°²¾¸TÁOÆ´®´½(¿Á`s
Æ´¶·®µ*ÁTÃ¯¡¾(<Åë±,¿T¸ªm¨µ*½¯»±,°C¯»µ·¿TÊ	Ý7µæ¯»º¢ÃT°È®×õ®]\µ·½¯¡µ·¿OÊè½²®´®¸¢¿ÁTÆ¶·®´µ*ÁTÃ¯¡¾ﬂ÷O®Ç¯¡ºT°²¾.ÁTÊ.ºë±è½²®´°²µ·®´½å¾.Ù
¿O®´ÁN¯¡°²¾.¿èÆ±,Ã¯¡ÁT°²®´½M±.¿T¸
β
s ¸O®´Æ±´Ô½<±,¶æ¯»®´°È¿O±D¯¡µæ³®´¶æÔÎMù7®ÁN¯¡°È¾¿èÆ±,Ã¯¡ÁT°È®½<±,°È®Ù¾.¶·¶·¾Ý®´¸ÉÅÔ
β
s ¸T®Æ±´Ô½
ÅF®´Æ±,ÁO½È®}¯¡ºT®¿T®´Á¯¡°È¾.¿5Æ±,Ã¯¡ÁT°²®°²±¯»®µ·½Ç½²¶·¾Ý©Æ´¾.ØﬂÃO±,°È®´¸ë¯¡¾ﬂ¯¡ºO®
β
s ¸T®´ÆÖ±´Ôë¶·µ·Ù®×¯¡µ·Øﬂ® ì®]\ÃT¶8±.µ·¿Tµ·¿TÊ
¯¡ºO®Û¿O±,ØÉ®Û¾.Ù3½²¶·¾ÝÞÃO°È¾Æ´®½È½»ó×ÎMàÄ¿O¾D¯¡ºO®´°½Èµæ¯»®ÇÙ¾.°½CõÃT°È¾NÆ´®´½²½µ·½åºT®¶·µ·ÁTØõN½ÈºO®´¶·¶&±,½²ºT®½¸TÁO°Èµ·¿TÊ¯¡ºO®
±,½ÔØﬂÃN¯¡¾,¯¡µ·Æ¹Ê.µ8±.¿¯7ÅO°²±,¿OÆ»ºì?à7ÚfmåóÃTº&±,½²®¹µ·¿¢µ·¿¯»®´°ÈØﬂ®´¸Tµ8±¯»®¹Øﬂ±.½È½½¯»±.°È½Î
­¾.¿TÆ´®´°²¿Tµ·¿OÊGÆ´¾.°È®¢­(õÅTÁT°²¿Tµ·¿TÊIì?µ8Ê.¿Tµæ¯¡µ·¾.¿¯¡®´ØÉÃF®´°²±¯»ÁT°È®y
5
¯¡¾
8 × 108K ±.¿T¸^¶·µ·Ù®×¯»µ·ØÉ®¾.Ù
±,ÅF¾.ÁN¯èËñ.ñ.ñÉÔ®±,°È½»ó×ÕO¯¡ºO®ØA±,µ·¿5°È®±,Æ×¯»µ·¾.¿T½Ç±,°²® 12 ­ (12
­
, α)20
ù7®	±,¿T¸ 12 ­ (12
­
, p)23
ùÄ±ÎøåºT®¿
Øﬂ¾.½C¯M¾.ÙN¯¡ºO® 23 ùÄ±7µ·½3¯¡°¡±,¿T½²Ù¾.°ÈØﬂ®´¸}³µ8± 23 ùÄ± (p, α)20
ù7®¨±,¿O¸ 23 ùÇ± (p, γ)24
á5ÊTÎíÄ®´¿TÆ´®<¯¡ºO®Øﬂ±,µ·¿
ÃO°È¾¸TÁOÆ×¯¡½±,°È® 20 ùÄ®Ç±,¿T¸ 24 áQÊÙ¾¶·¶·¾Ý®´¸ÅÔ 23 ùÇ±Î<­¾.°È®Ûù7®»õÅOÁT°È¿Oµ·¿TÊì?µ·Ê.¿Oµæ¯¡µ·¾.¿A¯¡®ØÉÃF®´°²±¯¡ÁO°È®y
1×109  ±,¿O¸¶·µ·Ù®×¯»µ·ØÉ®(¾.ÙO±,Å0¾.Á¯¾.¿T®MÔ®±,°¡ó*Æ´¾.¿O½²µ·½¯¡½¾.ÙÃTºT¾,¯¡¾¸Tµ8½Èµ·¿¯¡®´Ê.°²±D¯¡µ·¾.¿T½±,¿O¸ α s Æ±.ÃN¯¡ÁO°È®´½Î
áG±,µ·¿ °È®Ö±,Æ×¯¡µ·¾.¿O½ë±,°È® 20 ùÄ® (γ, α)16
ÓèÕ 20 ù7® (α, γ)24
áQÊú±,¿T¸ 24 á5Ê (α, γ)28
âµÎ
k
ÁT°Èµ·¿OÊIÆ´¾.°È®
Ó7õÅTÁT°²¿Tµ·¿OÊ!ì?µ·Ê.¿Oµæ¯¡µ·¾.¿^¯¡®´ØﬂÃ0®´°²±D¯¡ÁT°È®:
2 × 109  ±.¿T¸I¶·µ·Ù®×¯¡µ·ØÉ®¢¾.ÙÇ±,ÅF¾.ÁN¯ﬂ¾¿T® Ô®±,°¡ó×ÕØﬂ±,µ·¿
°È®Ö±,Æ×¯¡µ·¾.¿O½	±,°²®.ÕÅÔ¾.°È¸O®´°¾.Ùåµ·ØÉÃF¾.°C¯»±,¿OÆ´®.Õ 16 Ó (16
Ó
,
Ã
)31
Õ 16 Ó (16
Ó
, α)28
âµÕ 16 Ó (16
Ó
,
¿
)31
â
±,¿O¸ 16 Ó (16
Ó
,
¸
)30
ÎO÷OÁT°¯¡ºT®´°°È®±,Æ×¯»µ·¾.¿T½µ·ØﬂÃT¶æÔ ¯»ºO±¯å¯»ºT®¹ØA±,µ·¿¢ÃO°È¾¸OÁTÆ×¯¡½7±,°È® 28 âµ:±,¿O¸ 32 âFÎ
êç¿®±,°È¶æÔ}Æ´¾.°È®¨âNµ õÅOÁT°È¿Oµ·¿TÊì?µ·Ê.¿Oµæ¯¡µ·¾.¿¹¯¡®´ØÉÃF®´°²±D¯¡ÁT°È®:
2−4×109  ±,¿O¸}¶·µ·Ù®×¯»µ·ØÉ®(¾.Ù±,Å0¾ÁN¯¾.¿O®
¸&±´ÔOó*½ÈØA±,¶·¶ÁO±,½²µ[s ®IÁTµ·¶·µ·ÅO°Èµ·ÁTØzìî}âýóKÊ.°²¾.ÁTÃO½3Ù¾.°ÈØ±,°È¾.ÁO¿T¸ 28 âµÎøåºT®´¿¹¯çÝ¾"î}âýQÆ´¶·ÁO½C¯»®´°È½±,°È®
ÅOÁTµ·¶æ¯ÁOÃ±,°²¾.ÁT¿T¸½²µ·¶·µ·Æ´¾.¿	±,¿O¸µ·°È¾¿°²®´½²Ã0®´Æ×¯»µæ³®´¶æÔÎàÇ¿µ8ØÉÃ0¾°C¯»±,¿¯¸Tµæ³µ·¸Oµ·¿TÊÄ¶·µ·¿T®µ·½Æ±,ÁO½²®´¸ÅÔ¹¯¡ºO®
ÃO°È¾D¯¡¾.¿ﬀØA±,Ê.µ·Æè¿ÁOØÅ0®°¹ß
Î
ð,ñﬀì¯¡ºOµ·½Û°È®´Ê.µ8¾.¿ﬀµ·½¹½È¾.Øﬂ®×¯¡µ·Øﬂ®´½ÛÆÖ±,¶·¶·®´¸5¯¡ºO®â»Å0¾D¯È¯»¶·®´¿T®Æ»ä=â×ó×ÎøåºT®½È®
¯çÝ¾"Æ´¶·ÁO½C¯»®´°È½¹±,°²®	¶·µ·¿Tä®´¸Q¯»¾.Ê.®×¯¡ºO®´°ÇÅÔG½²®×³®´°²±.¶°È®Ö±,Æ×¯¡µ·¾.¿O½¹±,¿T¸ﬀ¿T¾D¯}¾.¿T¶æÔGÅÔ 45 âNÆ (p, γ)46
øåµM±,½
&°È½¯3¯¡ºT¾ÁTÊ.º¯Î3ê ¯Æ±,¿Å0®¿T¾D¯¡®¸¹¯¡º&±¯µ·½²¾D¯¡¾Ã0®´½º&±´³µ·¿TÊÛß
< 14
ì âNµéó:±,°²®(½¯¡µ·¶·¶¶·µ·¿Tä.®¸ÅÔ}°È®±,ÆÜ¯¡µ·¾.¿T½
Ù±,°Ù°²¾.Ø®ÁTµ8¶·µ·ÅT°Èµ·ÁOØ¢Îà¨¯¯¡ºO®(®´¿O¸¾.ÙOâµ õÅTÁO°È¿Tµ·¿OÊTÕÖ¯¡ºO®(¿ÁOÆ´¶·®±,°½¯»±¯»µ·½¯¡µ·Æ±,¶®NÁTµ·¶·µ·ÅO°Èµ·ÁTØ_ìùÛâýó
µ·½°È®±,Æ»ºO®´¸*Î<á5±.µ·¿ÃT°È¾N¸TÁTÆÜ¯¡½±,°È®
α
s Ã&±,°C¯¡µ·Æ¶·®´½å±,¿T¸½²ÃF®´Æ´µ·®´½¨Ù°È¾.Ø¯¡ºO®Çµ·°È¾.¿Ê.°²¾.ÁTÃﬀì?øºTµ·®´¶·®Øﬂ±,¿T¿
îﬃàÄ°È¿O®×¯È¯Ëþ:xÍ.ó×Î
Í
ÈÉ²ãMÉä 
ù
¼
Iûtå!

ÓÇ¿5¯¡¾.Ã$¾.ÙM¯¡ºT®É±,ÅOÁT¿O¸O±,¿OÆ´®	¾.ÙM¯¡ºO®èØﬂ±,µ·¿ﬀ®¶·®´ØÉ®´¿¯¡½Õ*µæ¯}µ·½¹ÁT½²®´ÙÁO¶3¯»¾Ù¾.¶·¶·¾Ýﬃ¯¡ºT®è®×³¾¶·ÁN¯¡µ·¾.¿
¾ÙK¯¡ºO®Ç¿T®´Á¯¡°È¾.¿"®]\Æ´®½È½ÎMøåºT®Û¿T®ÁN¯¡°È¾¿®]\Æ´®´½²½Õ
η =
∑
i(Ni−Zi)Yi
ÕNµ·½¶·µ·¿Oä.®´¸ ¯¡¾¯»ºT®Ç®´¶·®Æ×¯¡°È¾.¿
Øﬂ¾.¶·®	¿ÁOØÅF®´°´Õ
Ye =
∑
i Zi Yi
ÕFÅÔë¯¡ºT®	Ù¾.¶·¶8¾Ý7µ·¿TÊ"°È®´¶8±¯»µ·¾.¿Z
Ye = (1 − η)/2 ì Ni Õ Zi ±,¿O¸ Yi
±.°È®7°È®´½²Ã0®Æ×¯¡µæ³®´¶æÔè¯»ºT®7¿ÁOØÅ0®°<¾.ÙK¿O®´ÁN¯»°È¾.¿T½ÕÃT°È¾D¯»¾.¿T½±,¿O¸É¯¡ºT®7¿ÁOØÅF®´°(±,ÅOÁT¿O¸O±,¿TÆ®¾.ÙK®¶·®´ØÉ®´¿¯
i
ò
Yi = Xi/Ai
ÕNÝ7ºO®´°È®
Xi
±,¿T¸
Ai
±,°È®Û¯¡ºT®¹ØA±,½²½åÙ°¡±,Æ×¯¡µ·¾.¿Q±,¿T¸"¯¡ºT®¹ØA±,½²½å¿NÁTØÅF®´°å¾.Ù®¶·®´ØÉ®´¿¯
i
ó×ÎﬂàÄ¶æ¯»ºT¾.ÁTÊº$¿O®´ÁN¯¡°²¾.¿$®]\TÆ´®´½²½}¸T¾®½}¿T¾D¯	±DûF®´Æ×¯}¯¡ºO®É®×³¾¶·ÁN¯¡µ·¾.¿¾Ù<¯¡ºO®É½¯¡°ÈÁOÆ×¯¡ÁT°²®É¾.Ù(¯¡ºT®ﬂ½C¯×±,°
ÁO¿¯¡µ·¶âµ õÅTÁO°È¿Tµ·¿OÊ ±,¿O¸5¸T¾®½Ä¿O¾D¯ÇÆ×ºO±,¿TÊ®}¯¡ºT®	±,ÅOÁT¿O¸O±,¿TÆ®¾.ÙMØA±,µ·¿5®´¶·®´Øﬂ®´¿¯»½	ì?Ø	ÁT¶æ¯¡µ·ÃO¶·®»õ
α
®¶[s
®ØÉ®´¿¯»½¡óÜÕ0µü¯Û¸O®×¯¡®´°ÈØﬂµ·¿T®´½7¯¡ºO®	±,ØÉ¾.ÁO¿¯Û¾ÙM½CõÃT°È¾NÆ´®´½²½Ç®´¶·®´Øﬂ®´¿¯¡½ÇÃO°È¾¸TÁOÆ´®´¸5¸OÁT°Èµ·¿OÊí7®»õÅOÁT°È¿Oµ·¿TÊ
±.¿T¸^¯¡ºT®¢¿T®´Á¯¡°È¾.¿!°Èµ·Æ»ºO¿T®´½²½É¾.Ù¯¡ºO®"ÃO°È¾¸OÁTÆ×¯¡½É¾.ÙÄ®]\TÃT¶·¾.½²µæ³®¢ÅOÁT°È¿Oµ·¿TÊ.½Î^øåºO®"¿O®´ÁN¯»°È¾.¿I®\Æ´®´½²½
µ·¿OÆ´°È®±.½È®½7®×³®´°CÔ¯»µ·ØÉ®}¿O®´ÁN¯»°È¾.¿T½Ä±,°È®}ÃO°È¾¸TÁOÆ´®´¸"³µ8±A±	Ý®±,ä"µ·¿¯¡®°²±,Æ×¯¡µ·¾.¿Q½¯»±,°C¯»µ·¿TÊèÝ7µæ¯»ºQ±ÉÃT°²¾s
¯»¾.¿Þì
β+
s ¸T®´ÆÖ±´ÔÕ®´¶·®´Æ×¯»°È¾.¿!ÆÖ±,ÃN¯¡ÁO°È®.ÕÄÎ´Î´Î»ó×ÎIàÇ½ﬂ¿T®´ÁN¯»°È¾.¿T½A±,°È®¢ÃO°È¾¸OÁTÆ´®´¸!ÅÔ!®´¶·®´ØÉ®¿¯¡½èÝ7ºTµ·Æ»º
±.°È®è¿T¾,¯Û¯¡ºO®èØÉ¾.½¯±,ÅOÁT¿O¸O±,¿¯Aì
10−2
¾.ÙM¯¡ºO®èØÉ¾½C¯±.ÅTÁT¿O¸O±,¿¯Üó×Õ
η
°È®O®´Æ×¯»½Û½²ÁTÅ¯¡¶·®è¸O®×¯»±,µ·¶·½}±,¿O¸
½²ØA±,¶·¶:±,ÅTÁT¿O¸O±,¿OÆ´®´½Î<ù7¾D¯¡®Ç¯¡º&±¯¯»ºT®¹Øﬂ±t\µ·Ø	ÁTØ_Ý7ºOµæ¯¡®¹¸NÝå±,°ÈÙØﬂ±.½È½7±,¶·½²¾É¸T®´ÃF®´¿T¸O½¾¿
Ye
½²µ·¿TÆ®
µæ¯ÇÆ´¾.°È°²®´½²Ã0¾.¿O¸T½¯»¾è¯¡ºT®Øﬂ±t\µ·Ø	ÁTØoØﬂ±,½²½7½²ÁTÃOÃ0¾.°C¯»®´¸ë±.Ê±,µ·¿T½¯ÇÊ.°²±´³µæ¯CÔ¢ÅÔë±ÉÊ±,½7¾Ù¸T®´Ê®´¿T®´°¡±¯¡®
®¶·®´Æ×¯¡°È¾¿T½Î<àÄ¿¢®¿TºO±,¿OÆ´®´Øﬂ®´¿¯7µ·¿
η
¯×±,ä.®´½ÃO¶8±,Æ´®}¸TÁT°²µ·¿TÊﬂíÄ®»õÅTÁO°È¿Tµ·¿OÊëì?¸TÁO®Ç¯¡¾è¯¡ºT®¹Æ×ºO±,µ·¿ë°È®±.Æ]s
¯»µ·¾.¿ 14 ù (α, γ)18
÷
(β+)18
Ó
(α, γ)22
ù7®
(α, n)25
á5Êó×Î
η
µ·¿OÆ´°È®±,½²®´½Ä½È¶·µ·Êº¯¡¶æÔë¸TÁO°Èµ·¿OÊ ­<õÅOÁT°È¿Oµ·¿TÊ
±.¿T¸ﬀµ·½}¿T¾D¯}°²®±,¶·¶æÔ$±DûF®´ÆÜ¯¡®´¸$¸TÁT°²µ·¿TÊ¢ùÄ®»õÅTÁO°È¿Tµ·¿OÊTÎàz½²®´Æ´¾.¿T¸$µ·¿TÆ°È®±,½²®èµ·½¹½²®´®¿ﬀµ·¿ÓõÅOÁT°È¿Oµ·¿TÊ
ì¸TÁT®}¯¡¾ ®´¶·®´Æ×¯»°È¾.¿5Æ±.ÃN¯¡ÁO°È®´½»ó×ÎàÇ¶·¶*¯»ºT®´½²®µ·¿TÆ´°²®±,½²®´½Ç±,°²®ºO¾Ý®×³®´°Ç½²Øﬂ±,¶·¶µ·¿5Æ´¾.ØﬂÃO±,°Èµ8½È¾.¿ë¯»¾É¯»ºT®
¶8±.°ÈÊ.®´½¯Û®´¿OºO±,¿TÆ®´ØÉ®´¿¯Û¾Æ´Æ´ÁO°È°Èµ·¿TÊ ¸OÁT°Èµ·¿OÊâNµ õNÅTÁT°²¿Tµ·¿TÊGì?¸OÁT®¹¯»¾ ®´¶·®´Æ×¯»°È¾.¿5Æ±,Ã¯¡ÁT°È®	±,Ê±.µ·¿&ó×ÎÇâ®´®
øºTµ·®´¶·®´ØA±,¿T¿QîﬃàÄ°È¿O®×¯È¯ìËþyxÍ.ó×Î
ý	\TÃT¶·¾.½²µæ³®}ÅOÁT°È¿Oµ·¿TÊ.½¾Æ´ÆÁT°¨Ý7ºO®´¿"¯¡ºT®¹½²ºO¾Æ»äﬂÝ±´³®}Ù°È¾.Ø¯¡ºO®âù®]\ÃO¶·¾.½²µ·¾.¿ëºT®±¯¡½7ÁTÃ¯»ºT®
¸OµüûF®´°È®¿¯É¶8±´Ô®´°²½è¾.Ùå¯¡ºT®½¯»±,°ÎﬀêçØﬂÃ0¾°C¯»±,¿¯ﬂÃO±,°²±,Øﬂ®×¯¡®°È½è±.°È®A¯¡ºO®Ã0®Ö±,äﬀ¯¡®´ØﬂÃ0®°²±¯¡ÁT°²®°È®±,Æ»ºO®´¸
±.¿T¸^¯¡ºO®"¸OÁT°²±¯»µ·¾.¿!¾.Ù¯¡ºO±D¯ﬂÃF®±,ä^±,½èÝ®´¶·¶±,½è¯¡ºO®"ÃO°È®»õ®]\TÃT¶·¾.½²µæ³®ë¿T®´Á¯¡°È¾.¿!®]\Æ®´½²½´Î m¨®´Æ±,ÁO½²®
¯»ºT®ﬂºT®¶·µ·ÁTØd±,¿O¸ºÔ¸O°È¾.Ê.®´¿Nõ°Èµ·Æ»º¶8±´Ô®´°È½±,°²®ﬂÙ±,°}Ù°È¾.Øi¯¡ºT®ﬂÆ´®¿¯¡°È®ﬂ¾.Ù(¯»ºT®ﬂ½¯»±,°´Õ®]\ÃO¶·¾.½²µæ³® í7®
±.¿T¸5íõÅOÁT°È¿Oµ·¿TÊ.½7¸O¾A¿T¾D¯Ç¾Æ´ÆÁT°´Î­±,°²Å0¾.¿5±,¿O¸ë¿O®´¾.¿Q°Èµ·Æ×ºQ¶8±´Ô®´°È½Ç±,°È®½²¾.Øﬂ®×¯¡µ·Øﬂ®´½7°²®´ÃT°È¾NÆ´®´½²½²®´¸
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¸Oµ·½ÈÆ°È®´ÃO±,¿OÆ×Ô5µ·½Ç¸OÁT®}¯»¾ﬂ¯»ºT®	®ÜûF®´Æ×¯»½Ç¾.Ù<Øﬂ±.Ê.¿T®×¯»µ·ÆO®´¶·¸G¸TÁO°Èµ·¿TÊA¯¡ºT®	ÃT°²®»õâùﬃ®×³¾.¶·Á¯¡µ·¾.¿IìíÄ®´Ê.®´°
®×¯7±,¶ÎOð,ñ.ñ.Ìó¾.°¯¡¾èØÉ®´Æ»º&±,¿Tµ·½²Øﬂ½Ý7ºTµ·Æ»º"½²¶·¾ÝÞ¸T¾ÝÄ¿A¯»ºT®ÇÆ¾.°È®Û¸TÁT°Èµ8¿TÊ¯¡ºO®ÇÆ´¾°È®ÛÆ´¾.¶·¶8±,ÃT½²®Éì÷O°CÔ®°
îô^±,°È°È®¿5ð,ñ.ñ

óå¾.°Å0¾,¯¡º*Î(øåºO®}¿T®´Á¯¡°È¾.¿ë½¯»±.°È½Æ¾.ÁT¶·¸Q±.¶·½È¾A¶·¾.½²®±,¿TÊÁT¶8±,°Øﬂ¾.ØÉ®´¿¯¡ÁTØJ¸OÁT°Èµ·¿OÊ
µæ¯¡½Ô¾.ÁT¿OÊﬂ±,Ê.®.Î
à¯¯»ºT®½²±.ØÉ®¯¡µ·ØÉ®.Õ¶·¾.¿TÊÛ½²¾.Ù8¯<Ê±,ØﬂØﬂ±Öõ°²±´ÔèÅTÁT°²½C¯»½åì§Ú¹öjm¨½¡óºO±´³®°È®´Æ®´¿¯¡¶æÔ	ÅF®´®´¿èÆ´¾.¿T¿O®´Æ×¯¡®´¸
Ý7µæ¯»ºâTù7®¢ì?½²®´®ÉÙ¾.°¹®]\T±,ØﬂÃT¶·®ﬂá5±¯¡ºO®´½²¾.¿ð,ñ.ñÌó×Î	àØﬂ¾¸T®¶Æ±,¶·¶·®¸ﬀÆ¾.¶·¶8±,ÃT½¡±,°ﬂìô¾N¾.½²¶·®×ÔIËþ.þ.Ìó
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]
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®\ÃT¶8±,µ·¿O½3¯»ºT®¨ÃT°²¾¸TÁOÆ×¯¡µ·¾.¿	¾.Ù0Ú¹öjm¨½µ·¿¯¡ºT®¨Ù¾.¶·¶·¾ÖÝ7µ·¿TÊÄÝå±´Ôﬃ±Ä½¯»±,°3Ý7ºOµ·Æ»º	ºO±,½¶·¾.½¯Mµæ¯»½ºÔT¸T°È¾.Ê®´¿
°²µ·Æ»ºØA±,¿¯¡¶·®ﬂÆ¾.¶·¶8±,ÃT½²®´½µ·¿¯¡¾Q±¢ÅO¶8±,Æ»äGºO¾.¶·®A±,¿T¸±,¿±,Æ´Æ°È®×¯¡µ·¾.¿¸Tµ·½²äG¸TÁO®è¯¡¾"¯¡ºO®ﬂºTµ·Ê.º±.¿TÊ.ÁT¶8±.°
Øﬂ¾.ØÉ®¿¯¡ÁTØÞ¾.Ù¯»ºT®MÆ´¾.°²®.Î3àÆ´Æ´°È®×¯»µ·¾.¿}Ù°È¾.Ø ¯¡ºT®M¸Oµ·½ÈäÇ¾.¿¯¡¾¯¡ºO®MÆ´®´¿¯»°²±,¶.ÅO¶8±,Æ»äÄºO¾.¶·®¯¡ºT®´¿}ÃT°È¾¸OÁTÆ´®½
ÅOµ õÃ0¾¶8±,°"X®×¯¡½ÎøåºO®´½²®#XC®×¯»½èÆÖ±,¿!¾.¿T¶æÔ^°²®±,Æ»º^¯¡ºT®¢½ÈÁO°ÈÙ±,Æ®"¾.Ùå¯»ºT®"½¯»±,°ëì±,¿T¸!Å0®¢¸T®×¯¡®Æ×¯¡®´¸0óµ·Ù
¯»ºT®A½¯»±.°º&±,½ÃO°È®×³µ·¾.ÁO½²¶æÔ¶·¾½C¯èµæ¯¡½	ºÔ¸O°È¾.Ê.®´¿°Èµ·Æ»º®´¿³®´¶·¾.ÃF®.Î"ôÞöz½¯»±,°È½è±,°È®ﬂ¯¡ºT®´°²®´Ù¾.°È® Ê.¾N¾¸
ÆÖ±,¿T¸Tµ8¸O±¯¡®´½¹Ù¾.°ÛÆ¾.¶·¶8±,ÃT½¡±,°¹ÃT°È¾.Ê®´¿Tµæ¯¡¾°È½Û½²µ·¿OÆ´®¯¡ºT®ÜÔG¶·¾.½²®¯¡ºO®´µ·°ÛºÔ¸O°È¾.Ê.®´¿ﬀ°²µ·Æ»ºﬀ®´¿³®´¶·¾.Ã0®ÎøºT®
NÁT®´½¯¡µ·¾.¿^¯¡¾$±,¿O½Ý®´°èµ·½	ÝÄºT®×¯¡ºO®´°è¾.°è¿O¾D¯è¯»ºT®´µ·°èÆ¾.°È®"Æ´¾¿¯»±,µ·¿O½è®¿T¾.ÁOÊ.º!±,¿OÊ.ÁT¶8±,°ÉØÉ¾.Øﬂ®´¿¯¡ÁOØ
ì
j & 1016 cm2 s−1 Ù¾.°}¯¡ºO®AØﬂ±¯»®´°Èµ8±,¶¸XCÁT½¯	¾ÁN¯¡½²µ·¸T®ﬂ¯¡ºT® Æ´¾.°È®ó¹µ·¿¾.°È¸T®°¹¯¡¾5ÃT°È¾N¸TÁTÆ´® ±QÅT¶8±.Æ»ä
ºO¾.¶·®ÝÄµæ¯¡º±,¿±.Æ´Æ´°È®×¯»µ·¾.¿ ¸Oµ·½²ä0ÎøåºO®Ç±,¿T½Ý®°<¯¡¾}¯¡ºOµ·½ÜÁT®´½¯¡µ8¾.¿ﬂÝ7µ·¶·¶0ÅF®Ç±,¸O¸T°È®´½²½²®´¸ µ·¿ﬂ¯»ºTµ·½(Ý¾.°ÈäFÎ
ê=ë
¬
ë
¬
ﬂG$ﬁ
êCù7øýÚ¹öàÇïµ·½"¯¡ºT®¶8±¯¡®´½¯G±,¿T¸ÞØÉ¾.½¯QÃF¾Ý®´°ÈÙÁT¶¹Ê±,ØÉØA±Öõ°²±´Ôª½¡±¯¡®´¶·¶8µæ¯¡®.ÎLm¨®´Ù¾.°È®ﬀ¯¡º&±¯ÖÕ
¾,¯¡ºT®´°"½¡±¯¡®´¶·¶·µü¯¡®$±,¿T¸ªÅO±,¶·¶·¾¾¿ Å0¾.°²¿T®5¯¡®´¶·®´½²Æ´¾.ÃF®´½"º&±´³®ﬀÅF®´®´¿>½²®´¿¯ëµ·¿ ¾.°È¸O®´°A¯»¾I¾.ÅT½²®´°C³®5¯»ºT®
³®´°CÔ®´¿O®´°ÈÊ.®×¯»µ·ÆÃO±,°¯É¾.Ù¯¡ºO®½²Ã0®´Æ×¯»°ÈÁTØ¾.Ù¶·µ·Ê.º¯ÖÎÚ¹±,ØﬂØﬂ±Öõ°¡±´Ô½É±,°È®®ØÉµæ¯È¯¡®¸^ÅÔ¯»ºT®¸T®´ÆÖ±´Ô
¾Ù7½²®×³®°²±,¶å°²±,¸Oµ·¾±,Æ×¯¡µü³®¢¿ÁTÆ¶·®´µåÃT°È¾¸OÁTÆ´®¸Iµ·¿!Øﬂ±.½È½²µæ³®¢½¯»±,°²½´ÎIøåºO®"ØA±,µ·¿!°²±,¸Oµ·¾±,Æ×¯¡µü³®¢¿ÁTÆ¶·®´µ
±.°È® 56 ùÄµÕ 56 ­¾TÕ 57 ­¨¾TÕ 44 øµ 26 àÄ¶Ç±,¿O¸ 60 ÷O®ì½È®®3<°²±,¿¯­~´¾.½"ð.ñ.ñ  ÕWÙ¾°AØﬂ¾.°È®5¸T®×¯»±.µ·¶·½±,¿O¸
°²®´Ù®´°È®¿TÆ´®´½»ó×ÎàÄ¶·¶0±,°È®7ÃT°È¾N¸TÁOÆ´®´¸ﬂÅÔﬂ®]\ÃO¶·¾.½²µæ³®7ÅTÁT°²¿Tµ·¿TÊ.½Õ.ÝÄºTµ·¶·®7¾.¿T¶æÔ 26 àÄ¶Oµ·½¨±,¶·½²¾}ÃO°È¾¸OÁTÆ´®´¸AÅÔ
ºÔ¸T°²¾.½C¯×±¯¡µ·Æ}ÅTÁT°²¿Tµ·¿TÊ½}ìíåõÅTÁO°È¿Tµ·¿OÊèµ·¿"¯¡ºO®¹Æ±,½²®}¾.Ù 26 àÄ¶éó×Î<àÄ½½¯»±¯¡®¸¢®±,°²¶·µ·®´°´Õ¯¡ºT®½È®}®´¶·®´ØÉ®¿¯¡½
¿O®´®´¸"¯¡¾ÉÅF®¹®XC®´ÆÜ¯¡®´¸¢ÅF®´Ù¾.°²®Ç¯¡ºT®ÜÔ"¸T®´ÆÖ±´Ô"µ·¿ë¾.°È¸O®´°¨¯¡¾ﬂÅ0®¹¸O®×¯¡®´ÆÜ¯¡®´¸*Î
56 ùÄµÕ 56 ­¨¾OÕ 57 ­¨¾ﬂ±,¿O¸ 44 øåµ*±.°È®¹±.¶·¶K½²ºO¾.°C¯õ¶·µæ³®¸"¿NÁTÆ´¶·®µMì?¶·µ·Ù®×¯¡µ·ØÉ®½åÅF®×¯çÝ®´®´¿¢¾.¿T®ÇÔ®±.°å±,¿O¸
ËÖñ.ñÄÔ®±,°È½»óM±,¿T¸A±,°È®®XC®´ÆÜ¯¡®´¸ﬂÅÔ	¯¡ºO®7âù®]\ÃO¶·¾.½²µ·¾.¿T½ÎøåºT®×Ôﬂ±,°È®¯¡ºO®´°È®´Ù¾.°È®å¸O®×¯¡®´ÆÜ¯»±,ÅT¶·®µ·¿èÔ¾.ÁT¿OÊ
âTù°È®´Øﬂ¿O±,¿¯»½:¶·µ·ä®âùËþyx:¥Dà!±,¿T¸­àÛâÛà ìãÛµ·¿TäÛ®×¯±,¶Îð.ñ.ñË±ó×Îêç¿Û¯¡ºT®<ÆÖ±,½²®<¾.ÙTâTùËþyx:¥,àÕÅF¾D¯¡º
56 ­¨¾"±,¿O¸ 57 ­¨¾Ê±,ØÉØA±Öõ°²±´Ô5¶·µ·¿O®´½7Ý®´°²®	ØÉ®±,½²ÁO°È®´¸*Õ&ÝÄºTµ·¶·®	Ù¾.° 44 øµÕF¶·µ·Êº¯ÛÆÁT°C³®¯²¯¡µ·¿TÊAÝå±,½
ÁO½²®´¸É¯¡¾¸T®´°Èµæ³®7µæ¯¡½¨±,ÅOÁT¿T¸&±,¿TÆ®.ÎM÷T¾°¨­¨àÛâﬂàÕ.¯»ºT® 44 øåµ&Ê±,ØÉØA±Öõ°²±´ÔA¶·µ·¿O®7ºO±,½ÅF®´®´¿AØﬂ®±,½²ÁT°²®´¸*Î
êCÙ*±,¶·¶0¾.ÅT½²®´°³.±¯¡µ·¾.¿O½Çì?ØA±,¸T®7ÅÔ ­åÓ¹á3<øý(ïG±.¿T¸Om¨®´ÃOÃ0¾õâT±t\Oó(±,°È®7Ê±¯¡ºT®´°²®´¸ﬂ¯¡¾.Ê.®×¯»ºT®´°´Õ±ÛÝ7µ·¸O®
°¡±,¿TÊ.®¢¾.Ù³.±,¶8ÁT®´½ﬂÙ¾.°¯»ºT® 56 ùÄµÃO°È¾¸OÁTÆ´®´¸!ÅÔIÆ´¾.°È®¢Æ´¾.¶·¶é±,ÃT½²®QâùÄ®"µ·½ﬂÙ¾.ÁT¿O¸*ÎI÷O¾.°AâTùËþyx:¥Dà	Õ
¯»ºT®ØÉ®±.½ÈÁO°È®´¸ë³.±,¶8ÁT®µ·½ÇñÎ ñ:¥
M
ÎÄ÷T¾° 44 øµÕ0¸O®´¸TÁOÆ´®´¸ë³.±,¶·ÁO®´½ÄÙ¾.°ÄÅF¾D¯¡ºﬀâTùËþyx:¥,à ±,¿T¸ﬀ­¨à¹â
àu±,°È®ë±,°²¾.ÁT¿T¸
1 − 2 10−4M ÎIøºT®¢°È®ÃT°È¾¸OÁTÆ×¯»µ·¾.¿!¾.Ù¯¡ºO®´½²®³.±,¶·ÁO®´½ëì®´½²Ã0®´Æµ8±,¶·¶æÔIÙ¾° 44 øµéó
½²®´®ØÉ½M¯¡¾}°È®ÁOµ·°È®7±,½ÔØﬂØÉ®×¯»°Èµ·Æ®ÜûF®´Æ×¯»½<¶·µ·ä®¯¡ºO¾.½²®½C¯»ÁT¸Tµ·®¸ÉÅÔﬂá5±,®¸O±}îÞù7¾.Øﬂ¾D¯¡¾Aì§ð.ñ.ñ.Ìó×ÎøºT®
Øﬂ®±,½²ÁT°²®´ØÉ®´¿¯¡½¾.ÙF¯¡ºT® 44 øµ&Ê±,ØﬂØﬂ±ÖõN°²±´ÔA¶·µ·¿T®Äµ·¿"­¨à¹âÉàÞ±,½<Ýå®´¶·¶F±,½ØÉ®Ö±,½²ÁT°È®´Øﬂ®´¿¯»½¾.Ù:ù7µ0±,¿O¸
­¾É¶·µ·¿O®´½ÅÔ¢êCù7øýÚ¹öàÇïâ1MêÛì?½²Ã0®´Æ×¯»°È¾.Ê.°²±.ÃTº&ó¨½²ºO¾.ÁT¶·¸¢ÅO°Èµ·¿TÊﬂ®×³®´¿ë½¯¡°È¾.¿OÊ.®´°åÆ¾.¿T½¯¡°²±.µ·¿¯¡½Î
26 àÇ¶Ä±,¿T¸ 60 ÷O®5±,°²®Q¶·¾.¿OÊõ¶·µæ³®´¸°²±.¸Tµ·¾¿ÁOÆ´¶·®´µì?¶8µ·Ù®×¯¡µ·Øﬂ®´½ ¾.ÙèË»õTð$Øﬂµ·¶·¶·µ·¾.¿!Ô®±,°È½»ó×ÎªøåºNÁT½Õ
¯»ºT®¾.ÅT½²®´°³®´¸AÁ&±,¿¯¡µü¯¡µ·®´½èÆ´¾.ØÉ®"Ù°È¾.Ød¯»ºT®Æ´ÁTØ	ÁT¶8±¯»µæ³®ÃO°È¾¸TÁOÆ×¯¡µ·¾.¿^¾.ÙØA±,¿Ô¾Å`XC®´Æ×¯»½´Î 26 àÇ¶
ÃO°È¾¸OÁTÆ×¯¡µ·¾¿"µ·½7±,¶·½²¾ÉÃF¾.½²½²µ·ÅT¶·®¹µ·¿¢àÄÚfm½¯»±,°²½7±,¿T¸¢¿T¾³±,®.Î<íÄ¾Ý®×³®´°ÕN¯¡ºO®ÛÊ±,¶8±,Æ×¯¡µ·Æ}Øﬂ±,Ãë¾.Ù 26 àÇ¶
ÃO°È¾¸OÁTÆ×¯¡µ·¾¿½ÈºO¾Ý7½ZºT¾D¯õN½ÈÃF¾D¯¡½MÝ7ºOµ·Æ»º	±.°È®Æ´¾.°È°²®´¶8±¯¡®´¸Ý7µæ¯»º}¯¡ºO®½²ÃTµ·°²±.¶N±,°ÈØﬂ½´ÎøåºT®¨ÃT°È¾N¸TÁTÆÜ¯¡µ·¾.¿
¾Ù 26 àÄ¶ÅÔØﬂ±,½²½²µæ³®¨½¯»±,°È½µ·½3¯»ºT®´°È®Ù¾.°È®¨Ù±´³¾.ÁT°²®´¸ì k µ·®ºT¶®×¯<±,¶Î.ð,ñ.ñ  ó×Î3ô®¨®]\ÃF®´Æ×¯êCùÄøýÚ¹öàÇï
¯»¾¹Æ¾.¿T½¯¡°²±.µ·¿	¯»ºT®å°²®´¶8±¯¡µæ³®7µ·ØÉÃ0¾°C¯»±,¿OÆ´®å¾.Ù 26 àÄ¶OÃT°È¾N¸TÁTÆÜ¯¡µ·¾.¿ﬂÅÔ	ôªö1½C¯×±,°È½(±,¿O¸AâTù7®.ÎMö®´Æ´®´¿¯¡¶æÔ
¯»ºT®´°È®èÝ®´°È®ﬂ½È¾.Øﬂ®Éµ·¿¯»®´°È®´½¯¡µ·¿OÊ¢°È®´½²ÁO¶æ¯¡½ÛÝ7µæ¯¡ºöíÇýâTâNêÄÅÔâNØﬂµæ¯¡ºúì§ð,ñ.ñ

óÄÝ7ºT¾¢¸O®×¯¡®´Æ×¯»®´¸$ÅF¾D¯¡º
26 àÄ¶±,¿O¸ 60 ÷O®µ·¿¢¯¡ºO®Æ´®´¿¯¡°²®¾.Ù¯¡ºT®áQµ·¶·äÔ"ô±´ÔÎøºT®×Ôë¾.Å¯»±,µ·¿O®´¸5±YOÁ\ë°²±¯»µ·¾ 60 ÷O® 26 àÇ¶3¾.Ù
ËÖñ:ÎMøºTµ·½åµ·½Æ´¾.¿T½²µ·½¯¡®´¿¯Ý7µæ¯¡º¢Æ±.¶·Æ´ÁT¶8±¯»µ·¾.¿T½ÅÔøµ·ØÉØﬂ®´½å®×¯Ä±,¶Î*ìÈËþ.þÍ.ó(Ý7ºO¾èÙ¾.ÁO¿T¸ë±	°¡±¯¡µ·¾É¾.Ù
ñTÎ·ËßﬂÙ¾.°ÇâùÄêÈê»Î&íÄ¾Ý®×³®´°Õ&°È®´Æ®´¿¯7Ôµ·®´¶·¸QÆ±.¶·Æ´ÁT¶8±¯»µ·¾.¿T½ÄÅÔQö7±,ÁT½²Æ»ºT®°®×¯Û±,¶Îì§ð,ñ.ñð.ó×ò0ï:µ·ØÉ¾.¿OÊ.µî
­ºTµ·® ì§ð,ñ.ñ.Ìó¾.Å¯»±,µ·¿5±ÉØÁOÆ»ºëºOµ·Ê.ºT®´°7°²±¯¡µ·¾5ì & 1 óµ·¿¢Ý7ºTµ8Æ»ºëÆ±,½²®±É¸O¾.ØÉµ·¿&±,¿¯ÄÆ´¾¿¯¡°Èµ·ÅOÁN¯¡µ·¾¿
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Ù°²¾.Øôªö_½¯»±,°È½	µ·½	¿T®®´¸T®´¸µ·¿¾.°²¸T®´°}¯»¾5°È®´Æ´¾¿TÆ´µ·¶·®ﬂ¯»ºT®´¾.°Ô±.¿T¸¾.ÅO½È®°C³.±¯»µ·¾.¿*Î5÷OÁO°C¯¡ºT®°ÈØÉ¾.°²®.Õ
¾.ÅO½È®°C³.±¯»µ·¾.¿T½(¾.Ù&¯¡ºO®±.Æ×¯¡µæ³®7½C¯×±,°<Ù¾.°ÈØﬂµ·¿TÊ}°²®´Ê.µ·¾.¿­(ÔÊ.¿NÁT½µù ½²ºT¾Ý>±¹¶8±,°²Ê.®ÃO°È¾¸TÁOÆ×¯¡µ·¾.¿ﬂ¾Ù 26 àÇ¶
ì
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¿1.¸T¶·½²®´¸O®´°¹®×¯±,¶Î3ð,ññ

óÛ±,¿O¸$Ù±´³¾.ÁT°±¶8±.°ÈÊ.®ÉÆ´¾.¿¯¡°Èµ·ÅOÁN¯¡µ·¾.¿$Ù°È¾.Øvôªö ½¯»±,°²½¹Å0®Æ±,ÁT½²®É¾.¿T¶æÔ
Ù®×ÝRâùÄ®ﬂÆ´¾.ÁO¶·¸ºO±´³®ﬂ®]\TÃT¶·¾¸O®´¸ÅÔ¿T¾ÝÎíÄ¾Ý®×³®´°Õ:Ôµ·®¶·¸T½¾.Ù¿T¾.¿Nõ°È¾D¯»±¯»µ·¿TÊ¢ôªö½¯»±,°È½±,°È®
¿O¾D¯Ç½²Á` AÆ´µ·®´¿¯Û¾.¿ë¯¡ºO®´µ·°Ä¾Ý7¿ë¯¡¾ ÃT°È¾N¸TÁTÆ®¹¯¡ºT®ÁO±.¿¯¡µæ¯çÔQ¾.Ù 26 àÄ¶3¾ÅT½²®´°C³®¸*Î7ö¾D¯»±¯»µ·¿TÊ ØÉ¾¸O®´¶·½
ìãÁTµ·½²½²¾y~A®×¯É±,¶Îð,ñ.ñ

ò	±,¶8±,Æ´µ·¾.½	®×¯É±,¶Îð,ññ

ó}ÃT°È¾¸OÁTÆ´® ØÉ¾.°È® 26 àÇ¶±,¿O¸ºT®¶·ÃÆ´¶8¾.½È®ﬂ¯¡ºT® Ê±,Ã:Î
êCùÄøýÚ¹öàÇï½²ºT¾.ÁO¶·¸¢ÅT°²µ·¿TÊÉÙÁO°C¯¡ºO®´°åÆ´¾.¿T½¯¡°¡±,µ·¿¯¡½¾¿¯»ºTµ·½¯¡¾.ÃOµ·Æ¹¾³®´°¯¡ºO®¹¿T®]\N¯7Ù®×ÝÞÔ®±,°²½´Î
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øºT®5¸O®×³®´¶·¾.ÃOØÉ®´¿¯¾Ù¹ØÉ¾N¸T®´¶·½µ·½¶·µ·¿Tä.®´¸1¯¡¾¯¡ºT®5¸O®×³®´¶·¾.ÃOØÉ®´¿¯"¾.Ù¹Æ´¾.ØﬂÃTÁ¯¡®´°È½Îgêç¿O¸T®´®´¸:Õ
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∂LP
∂MP
= nucl − ν + grav = nucl − ν − cP∂T
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ρ
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ì§ðNÎ þó
• áQ¾.Øﬂ®´¿¯¡ÁOØR®NÁO±¯¡µ8¾.¿Z
∂P
∂MP
= −GMP
4pir4P
fP
ì ðNÎ·Ëñó
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∇ad = Pδ
TρcP
(convective zones),
∇rad = 3
16piacG
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mT
4 (radiative zones),
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4pir4P
GMPSP
1
< g−1 >
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fT =
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4pir2P
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)2
1
< g >< g−1 >
,
< x >
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¯¨¯»ºT®7¯¡µ·Øﬂ®Ç½²Æ±,¶·®ÇÙ¾.°¯¡ºT®Ç¸Ô¿O±.ØÉµ·Æ±,¶K±.¸rXCÁO½C¯»ØÉ®´¿¯å¾.ÙK¯»ºT®Ç½¯¡°²ÁTÆ]s
¯»ÁT°È®.ÕFÆ±,¶8¶·®´¸
τhydr
ì?½²®´®

µ·ÃOÃ0®´¿OºO±,ºO¿Gîﬃô®´µ8Ê.®´°C¯èËÖþ.þ.ñÕÃ&±,Ê.® ËËÖó×ÕFµ·¿5¾°È¸T®´°7¯¡¾ ½²®´®}ÝÄºT®×¯¡ºO®´°
ºÔ¸T°²¾¸NÔ¿&±,ØÉµ·Æ}®ÁO±D¯¡µ·¾.¿T½7±,°²®¹¿T®Æ´®´½²½¡±,°CÔÎ
τhydr ≈
(
R3
GM
)1/2
à¯¯¡ºT®A®´¿T¸¾.ÙÆ´¾.°²®ﬂ½²µ·¶·µ·Æ¾.¿ÅTÁT°²¿Tµ·¿TÊOÕ:¯¡ºO®ﬂ°²±.¸Tµ·ÁT½¾.Ù¯¡ºT®Aµ·°È¾.¿Æ´¾.°²®Aµ·½±,ÅF¾.ÁN¯

\KËñ 8 Æ´Ø ±,¿O¸
¯»ºT®QØA±,½È½ ¾ÙÄ¯¡ºO®QÆ´¾.°È®5µ·½±,Å0¾ÁN¯"Ìt\*Ëñ 33 ÊTÎT7½²µ·¿OÊ G
Î
ßTÎ ß:¥p\KËñ −8 ¸NÔT¿åÆ´Ø 2 Ê −2 Õ¨Ý®5¾.ÅN¯»±,µ·¿
τhydr ∼ 0.5
½ÎÛê§¯¹µ·½Ç½¯¡µ·¶·¶3³®´°ÔQ½²ØA±,¶·¶Æ´¾.ØﬂÃO±,°È®´¸Q¯¡¾A¯¡ºO®½²µ·¶·µ·Æ´¾.¿ﬀÅTÁO°È¿Tµ·¿OÊ ¶·µ·Ù®×¯»µ·ØÉ®Ý7ºOµ·Æ»ºGµ·½Ç¾.Ù
¯»ºT® ¾.°È¸T®°¾ÙÛËÖñ 5 ½ì§ð,ñQºO¾.ÁT°²½¡óÜÎQù7¾,¯¡®ﬂ¯¡ºO±D¯	¸OÁT°Èµ·¿OÊGÓ7õÅTÁO°È¿Tµ·¿OÊTÕ τhydr ∼ 2.2
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¯¡µ·¾.¿O½:½¯¡µ·¶·¶ÃT°²¾³µ·¸T®(±åÊ.¾¾¸}¸O®´½²Æ´°Èµ·Ã¯¡µ·¾.¿}ÁT¿¯»µ·¶.½²µ·¶·µ·Æ´¾.¿ÅTÁO°È¿Tµ·¿OÊTÎù7¾D¯»®MºO¾Ý®×³®´°
¯»ºO±¯¯¡ºO®AºÔ¸O°È¾¸Ô¿O±,Øﬂµ·Æ±,¶<¯¡®´°ÈØ ÆÖ±,¿µ·¿`OÁO®´¿TÆ®AÆ´°È¾½È½²µ·¿OÊ¢¯»µ·ØÉ®´½	µ·¿¯¡ºT®íÄö¨õ¸Tµé±,Ê.°²±,ØëÎëøºT®
ÃO°È®´½²®´¿¯³®´°²½Èµ·¾¿"¾.Ù*¯¡ºT®}ÚÛ®´¿O®×³.±	Æ´¾¸O®Ç¸O¾®´½¿O¾D¯µ·¿TÆ´¶·ÁO¸T®Ä¯¡ºO®Û±,ÆÆ´®´¶·®´°¡±¯¡µ·¾.¿ ¯»®´°ÈØÉ½Î<ï:µ·ØÉ¾.¿OÊ.µ*î
­ºTµ·®  ì§ð,ñ.ñÌóå±,¶·½²¾ÉÁT½²®¹ºÔ¸T°È¾½C¯×±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øºT®	¿ÁTØﬂ®´°Èµ·ÆÖ±,¶ØÉ®×¯»ºT¾¸O½Û±´³.±,µ·¶8±,ÅO¶·®¯¡¾½²¾.¶æ³®¯»ºT®	½Ô½¯¡®´Øv¾.Ù<®Á&±¯¡µ·¾.¿O½Ç¸O®´½²Æ´°Èµ·ÅF®´¸ﬀ±,Å0¾³®
±,°²®¹¿NÁTØÉ®°È¾.ÁT½7±,¿O¸ëÆ±,¿ë¸TµüûF®´°½²µ·Ê.¿Oµ OÆ±,¿¯¡¶æÔ¢Ù°È¾.ØJ¾.¿O®Ç¯»¾	¯¡ºO®¹¾D¯»ºT®´°´Î<êC¿"¯¡ºTµ·½Ã&±,°²±,Ê.°¡±,ÃTº*Õ¯¡ºO®
±,µ·Øzµ·½<¯¡¾ÃT°²®´½²®´¿¯(¯¡ºO®7¿ÁTØﬂ®´°Èµ·Æ±.¶&ØÉ®×¯¡ºO¾¸AÁO½È®¸Aµ·¿É¯¡ºO®ÇÚÛ®´¿T®Ü³.±}ØÉ¾¸O®´¶ÎøåºO®7Ê.®´¿T®°²±,¶&Øﬂ®×¯¡ºO¾¸
µ·½ÄÆ´¶·¾½È®}¯¡¾ﬂ¯¡ºT®¾.°Èµ·Ê.µ·¿&±,¶¾.¿T®	±,¿T¸Qµ8½Ý®´¶·¶¸T®´½²Æ´°Èµ·ÅF®´¸Qµ·¿

µ·ÃOÃ0®´¿OºO±,ºO¿Q®×¯Û±.¶ÎìËÖþ.ß:¥.ó×Î7í7®°È®¹Ý®
¾.¿O¶æÔ$ÃT°²®´½²®´¿¯}¯»ºT®ﬂØﬂ±.µ·¿ÃF¾.µ·¿¯¡½Î øåºO®ﬂØÉ®Ü¯¡ºT¾¸ÁT½²®´¸ﬀ¯¡¾Q½²¾.¶æ³®É¯¡ºT®ﬂ½¯¡°ÈÁOÆ×¯¡ÁO°È®ﬂ®Á&±¯¡µ·¾.¿O½µ·½±
&¿Tµæ¯¡® ¸TµüûF®°È®´¿TÆ® ØÉ®×¯»ºT¾¸:ÎëøåºOµ·½Øﬂ®±,¿T½¯¡ºO±¯¯¡ºO®A®IÁO±¯»µ·¾.¿T½è±,°È®ﬂ³®°Èµ O®´¸®]\O±,Æ×¯¡¶æÔµ·¿®×³®´°CÔ
ÃF¾.µ·¿¯è¾Ù±QØÉ®½Èº:Î5øåºT®Ê.®´¿T®´°¡±,¶½²¾.¶·Á¯¡µ·¾.¿µ·½¯¡ºT®´¿^¾.ÅN¯»±.µ·¿T®´¸ÅÔµ·¿¯¡®°ÈÃ0¾.¶é±¯¡µ·¿TÊQ¯¡ºT® ½²¾.¶·Á¯¡µ·¾.¿
ÅF®×¯çÝ®´®´¿"¯¡ºT®¹ØÉ®´½²º¢Ã0¾µ·¿¯¡½Î(ÓÄ¯¡ºT®´°åØÉ®×¯»ºT¾¸O½Õ¶·µ·ä®Ç¯¡ºT®zO¿Oµæ¯¡®¹®´¶·®´ØÉ®¿¯¡½ØÉ®×¯»ºT¾¸O½´ÕT°È®NÁTµ·°È®Ç¯¡ºO®
ÅF®´½¯Ä±,ÃTÃO°È¾I\µ·ØA±¯¡µ·¾.¿ë¾³®´°¯¡ºT®}Æ±,¶·Æ´ÁO¶8±¯¡µ·¾.¿ë¸O¾.Øﬂ±,µ·¿O½´Î
øºT®ﬂØÉ®Ü¯¡ºT¾¸µ·½µ·ØÉÃO¶·µ·Æ´µæ¯µ·¿ﬀ¯»µ·ØÉ®.ÎAêC¿½²ÁTÆ»º±¢ØÉ®×¯»ºT¾¸:Õ*¯¡ºO®É½²¾.¶·Á¯¡µ·¾.¿±¯}¯»µ·ØÉ®
t + ∆t
µ·½
Æ±,¶8Æ´ÁT¶8±¯¡®¸GÁT½²µ·¿OÊﬂ¯¡µ·Øﬂ®	¸T®°Èµæ³.±¯»µæ³®´½ÇÆÖ±,¶·Æ´ÁT¶8±D¯¡®´¸GÙ°È¾.Øo¯¡ºO®½²¾.¶·Á¯¡µ·¾.¿ﬀ±¯Ç¯»µ·ØÉ®
t + ∆t
ÕF½²¾.¶·Á¯¡µ·¾.¿
Ý7ºOµ·Æ»ºúµ·½ﬂ¿O¾D¯ ä¿T¾Ý7¿:ÎúàvÊ.¾¾N¸ú®]\T±,ØﬂÃT¶·®ë¾.ÙÇ±.¿!µ·ØﬂÃT¶·µ·Æµæ¯ ØÉ®×¯¡ºO¾¸úµ·½è¯¡ºO®¢Øﬂ®×¯¡ºT¾N¸!ÁO½È®¸^¯¡¾
½²¾.¶æ³®Ç¯¡ºO®Û®NÁO±¯¡µ·¾¿T½å¾.Ù:¯¡ºO®ÛÆ»ºO®´ØÉµ·Æ±.¶K®´¶8®´ØÉ®´¿¯¡½±,ÅOÁT¿T¸&±,¿TÆ´®½}ì?½²®´®Û¿O®]\¯7Æ»ºO±,Ã¯¡®´°¡óÜÎøºT®¹¾D¯¡ºT®°
ÃF¾.½²½Èµ·ÅOµ·¶·µæ¯çÔ^µ·½¯¡¾ﬀÁT½²®¢±,¿I®]\ÃT¶·µ8Æ´µæ¯ÉØﬂ®×¯¡ºO¾¸*Îêç¿!±,¿I®]\ÃT¶·µ8Æ´µæ¯ﬂØÉ®×¯»ºT¾¸:Õ¯¡ºO®½²¾.¶·Á¯¡µ·¾.¿!±¯è¯¡µ·ØÉ®
t + ∆t
µ·½ÇÆ±,¶·Æ´ÁT¶8±D¯¡®´¸5ÁT½²µ·¿OÊÉ¯¡µ·Øﬂ®¸O®´°Èµæ³.±¯»µæ³®´½ÄÆÖ±,¶·Æ´ÁT¶8±D¯¡®´¸5Ù°È¾.ØJ¯¡ºO®½²¾.¶·Á¯¡µ·¾.¿G±¯7¯»µ·ØÉ®
t
ÕO¯¡ºNÁT½
±,¿±.¶·°È®±,¸Ô}ä¿T¾ÝÄ¿½²¾.¶·ÁN¯¡µ·¾.¿:ÎêçØÉÃO¶·µ·Æ´µæ¯Øﬂ®×¯¡ºO¾¸T½±,°²®(ØÉ¾.°È®(Æ¾.ØÉÃT¶·®\Û¯¡¾7Æ±,¶·Æ´ÁO¶8±¯¡®<¯¡ºO±,¿®]\TÃT¶·µ·Æ´µæ¯
Øﬂ®×¯¡ºT¾N¸T½Î"í7¾Ý®Ü³®´°´Õ3¯¡ºO®×ÔºO±´³®É¯¡ºO®ﬂºNÁTÊ.® ±,¸N³±,¿¯»±.Ê.®É¯¡¾QÅ0®ﬂ½¯»±.ÅT¶·®ÉÝ7ºO±D¯¡®×³®´°¹¯¡µ·Øﬂ®A½¯¡®´Ãµ·½
ÁO½È®´¸:Îêç¿¯¡ºT®¨®]\TÃT¶·µ·Æ´µæ¯<ØÉ®×¯¡ºO¾¸*ÕD¯¡ºO®(¯¡µ·ØÉ®¨½¯¡®´Ãèµ·½¶·µ·ØÉµæ¯¡®¸	ÅÔ}¯»ºT®¨½²¾ÇÆ±,¶·¶·®´¸ﬂ­¨¾.ÁO°²±,¿¯<Æ´¾.¿T¸Oµæ¯¡µ·¾.¿:Î
â¯»±,ÅTµ·¶·µæ¯CÔA¸T¾®´½¨¿T¾D¯Ê.Á&±,°²±,¿¯çÔAÃT°²®´Æ´µ·½²µ·¾.¿*ÎMêç¿ ¾.°È¸T®°<¯¡¾®´¿T½²ÁT°²®å¯»ºT®ÄÃT°²®´Æ´µ·½²µ·¾.¿ ¾.ÙF¯»ºT®Ä½²¾.¶·ÁN¯¡µ·¾¿*ÕN±
ù7®ÜÝå¯¡¾.¿NõNö7±,ÃTºO½È¾¿QØÉ®Ü¯¡ºT¾¸G±,¸O±,Ã¯¡®´¸¢¯¡¾ ½¯¡®´¶·¶8±,°Ä®×³¾.¶·Á¯¡µ·¾.¿5µ·½ÄÁT½²®´¸*ÎåøºTµ·½ÄØﬂ®×¯¡ºT¾N¸Qµ·½ÄÁT½²ÁO±,¶·¶æÔ
Æ±,¶8¶·®´¸É¯»ºT®Çí7®´¿Ô®ÜÔﬂØﬂ®×¯¡ºT¾N¸5ì?½²®´®

µ·ÃTÃF®´¿Tº&±,ºT¿ îªô®´µ·Ê®´°C¯ÇËÖþ.þ.ñÕÉÃO±,Ê®"¥rxóÜÎêç¿É¯»ºTµ·½ØÉ®Ü¯¡ºT¾¸:Õ
±,¿	±,ÃOÃT°È¾I\µ·ØA±¯¡®µ·¿Tµæ¯»µ8±,¶½²¾.¶·ÁN¯¡µ·¾.¿¾.ÙN¯¡ºO®(½¯¡°ÈÁOÆ×¯¡ÁO°È®(µ·½°È®O¿T®¸±¯®±,Æ»º}¯¡µ8ØÉ®(½¯»®´Ã¾Ù¯¡ºO®(Øﬂ®×¯¡ºO¾¸
ÅÔ±,ÃTÃO¶æÔµ·¿TÊQÆ´¾.°È°²®´Æ×¯¡µ·¾.¿O½¹¯¡¾Q®×³®´°ÔG³.±.°Èµ8±,ÅT¶·® ±¯®Ü³®´°CÔØÉ®´½²ºÃ0¾.µ·¿¯ì½È®®

µ·ÃTÃF®´¿Tº&±,ºT¿®×¯	±,¶Î
Ëþ.ß¥NÕÃ&±,Ê.®Ë

Í.ó×ÎÄô®	¿O¾D¯¡®¯¡º&±¯Ûµ·¿GÅF®×¯çÝ®®´¿G®±,Æ»ºQ¯¡µ·Øﬂ®	½C¯»®´ÃG¾.Ù¯¡ºT®èí7®´¿Ô®×Ô5ØÉ®Ü¯¡ºT¾¸:Õ&¯¡ºO®
Æ»º&±,¿TÊ.®´½Ä¾Ù¯¡ºT®	±,ÅTÁT¿O¸O±,¿OÆ´®¾.Ù¯»ºT®Æ»ºT®ØÉµ·Æ±,¶®´¶·®´Øﬂ®´¿¯¡½Ç±,°²®°È®Æ±,¶·Æ´ÁT¶é±¯¡®´¸QÁO½²µ·¿TÊÉ¯»ºT®ÁTÃF¸O±¯»®´¸
½¯¡°ÈÁOÆ×¯¡ÁO°È®ﬂì¯¡®´ØﬂÃ0®´°¡±¯¡ÁT°²®}±,¿T¸ë¸T®´¿T½²µæ¯çÔ&ó×Î
øºT®G½²®×¯¢¾.Ù®ÁO±D¯¡µ·¾.¿>º&±,½Øﬂµ[\®´¸>ÅF¾.ÁT¿O¸O±,°CÔÆ¾.¿T¸Tµæ¯»µ·¾.¿T½Î©à¯¯¡ºT®GÆ®´¿¯¡°È®G¾.Ù¹¯¡ºT®G½¯»±,°Õ
MP = 0
ÕF¯¡ºO®èÆ´¾.¿O¸Tµæ¯¡µ·¾.¿O½¹±.°È®¯¡º&±¯}Å0¾,¯¡º5¯¡ºT®è°¡±,¸Tµ·ÁT½}±,¿O¸5¯¡ºT®è¶·ÁOØÉµ·¿O¾.½²µæ¯çÔGØÁO½C¯Û³±,¿Tµ·½²º:Îà¨¯
¯¡ºO®(½²ÁT°²Ù±,Æ´®¾.ÙN¯¡ºO®(½¯»±,°ÕD½²µ·ØÉÃO¶·µ O®´¸ÅF¾.ÁT¿O¸O±,°CÔÆ´¾.¿T¸Oµæ¯¡µ·¾.¿O½±,°È®<¯¡º&±¯Å0¾D¯»º¹¯¡ºO®(ÃO°È®´½²½²ÁT°È®¨±,¿T¸}¯¡ºO®
¯¡®ØÉÃ0®°²±¯¡ÁO°È®³±,¿Tµ·½²º*Î<í7¾Ý®×³®´°´Õ¯¡ºT®Ç½²ÁT°²Ù±,Æ´®ÇÅ0¾.ÁO¿T¸O±.°CÔ Æ´¾.¿T¸Oµæ¯¡µ·¾.¿T½ÁT½²®´¸"±,°È®ÇØﬂ¾.°È®ÇÆ´¾.ØﬂÃT¶·®]\*Î
êç¿ﬂÙ±,Æ×¯Õ,¯»ºT®½C¯×±,°Mµ·½(¸Tµæ³µ·¸O®´¸ﬂµ·¿¯¡¾Û¯¡ºT°²®´®åÃ&±,°C¯¡½Õ.¯¡ºT®µ·¿¯¡®°Èµ·¾.°<¸T®´½²Æ´°²µ·Å0®´¸ﬂÅÔ	¯¡ºT®®Á&±¯¡µ·¾.¿O½<Ê.µæ³®´¿
±,ÅF¾³®.ÕT¯¡ºO®}®¿³®´¶·¾.ÃF®±.¿T¸"¯»ºT®±¯¡ØÉ¾½ÈÃOºT®´°²®Aì?½²®´®

µ·ÃTÃF®´¿Tº&±,ºT¿Q®×¯Ç±.¶Î:Ëþß:¥NÕGÃO±,Ê.®AËÌ.ÌóÜÎ¨øåºO®
¯¡¾,¯»±,¶¶·ÁTØﬂµ·¿T¾.½²µæ¯çÔG¾.ÙM¯¡ºO®	½¯»±.°¹±,¿T¸ﬀµæ¯¡½¹®ÜûF®´Æ×¯»µæ³®¯¡®´ØﬂÃ0®´°¡±¯¡ÁT°²®.Õ
Teff
Õ:±.°È®#O°È½¯±,ÃTÃO°È¾I\µ·ØA±¯¡®´¸:Î
÷O°È¾.Ø ¯¡ºO®µ·¿¯¡®´Ê°²±¯¡µ·¾.¿I¾.Ùå¯¡ºO®"±¯¡Øﬂ¾.½ÈÃOºT®´°²®®Á&±¯¡µ·¾.¿O½¢ì?Ù°È¾Ød¯¡ºO®A¯¡¾.Ã:ÕÝ7ºT®´°²®A¯¡ºO®ÃT°²®´½²½ÈÁO°È®
µ·½O~´®´°È¾OÕ¸T¾ÝÄ¿!¯¡¾$¯¡ºT®QÅ0¾,¯È¯¡¾.Ø ¾.ÙÛµæ¯×óÜÕ¾.¿O®ëÆÖ±,¿1¾.ÅN¯×±,µ·¿!¯¡ºT®¢³±,¶·ÁT®Q¾.ÙÄ¯¡ºO®ëÃO°È®´½²½²ÁT°È®5±¯A¯¡ºO®
ÃOºT¾D¯¡¾.½²ÃOºT®´°È®ÉìÃ0¾.µ·¿¯Ý7ºO®´°È®
T = Teff
±,¿T¸¢¶·µ·ØÉµü¯ÅF®×¯çÝ®´®´¿¯¡ºO®¹±¯¡Øﬂ¾.½²ÃTºT®°È®¹±,¿O¸ ¯¡ºO®Û®´¿³®´¶·¾.Ã0®
µ·¿Q¯¡ºT®	ØÉ¾¸O®´¶éó×ÎÄøºT®	°²±,¸Tµ·ÁO½Ç±.¿T¸5¶8ÁTØÉµ·¿O¾.½²µæ¯çÔG±,°È®	±.½È½²ÁOØÉ®´¸ë¯»¾ ÅF®°È®´½²Ã0®Æ×¯¡µæ³®´¶æÔ5®NÁO±,¶3¯¡¾ﬂ¯¡ºO®
¯¡¾,¯»±,¶<°¡±,¸Tµ·ÁT½±.¿T¸ﬀ¯»¾D¯»±,¶(¶·ÁTØÉµ·¿O¾.½²µæ¯çÔ±¯}¯»ºTµ·½Ã0¾.µ8¿¯ÖÎ øåºO®ﬂ°²±,¸Oµ·ÁT½ÆÖ±,¿ÅF®ﬂ¾.Å¯»±,µ·¿T®¸Ù°È¾Øu¯¡ºO®
°È®¶8±¯¡µ·¾.¿ëÅ0®Ü¯çÝ®´®´¿"¯¡ºT®¹¶·ÁTØﬂµ·¿T¾.½²µæ¯çÔë±,¿T¸"¯¡ºT®¹®´ûF®´Æ×¯¡µæ³®Ç¯¡®´ØﬂÃ0®°²±¯¡ÁO°È®ﬂì
L ∼ R2 T 4eff
ó×Î{Ä½²µ·¿TÊ	¯¡ºO®
³.±.¶·ÁT®¾.Ù&¯¡ºO®åÙ¾.ÁT°<¸T®Ã0®´¿O¸T®´¿¯<³.±,°Èµ8±.ÅT¶·®´½Äì?ÃO°È®´½²½²ÁT°È®.Õ.¯¡®´ØﬂÃ0®´°¡±¯¡ÁT°²®.Õ°¡±,¸Tµ·ÁT½±,¿T¸ﬂ¶·ÁOØÉµ·¿O¾.½²µæ¯çÔÕ.¯¡ºO®
ØA±,½È½3Å0®´µ·¿OÊ¨¯»ºT®Mµ8¿T¸T®´ÃF®´¿O¸T®´¿¯*³±,°Èµ8±,ÅO¶·®Öó0¯¡ºT®<Å0¾.ÁO¿T¸O±.°CÔÛÆ´¾¿T¸Tµæ¯»µ·¾.¿T½:Ù¾°K¯¡ºT®Mµ·¿¯¡®´°Èµ·¾°*µ8½:¾.Å¯»±,µ·¿T®´¸
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ÅÔ5µ·¿¯¡®´Ê.°¡±¯¡µ·¿TÊ¯¡ºT®è®Á&±¯¡µ·¾.¿O½Û¾.ÙM¯¡ºO®è½¯¡°ÈÁTÆÜ¯¡ÁT°È®¯¡ºO°È¾.ÁTÊ.º5¯¡ºO®è®´¿³®´¶8¾.Ã0®¢ì?¸O¾Ý7¿Ýå±.°È¸T½»ó×ÎøºT®
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¯¡µ·¾¿T½±,°È®ﬂ¸Tµ8½ÈÆ°È®×¯¡µ·½²®´¸:Õ*¯¡ºT®ﬂÙ¾.¶·¶·¾Ý7µ·¿OÊëÆ»ºO±.¿TÊ.®´½¾.Ù<³±,°Èµ8±,ÅO¶·®´½}¿O®´®´¸ﬀ¯¡¾¢ÅF®
¸O¾.¿T®y
Q = ln(1−MP /Mf )
¯¡ºO®¹¿T®×ÝØﬂ±.½È½Æ´¾N¾.°È¸Tµ·¿&±¯¡®.Õ
Mf
µ·½¯¡ºO®¹Øﬂ±,½²½¶·µ·Øﬂµæ¯7ÅF®×¯çÝ®´®¿¯»ºT®¹µ·¿¯»®´°Èµ·¾.°7±,¿T¸"¯¡ºT®¹®¿³®´¶·¾.ÃF®¹¾Ù:¯¡ºO®¹½¯»±,°´Õ
P = lnP
¯¡ºO®¹¿O®×ÝgÃO°È®´½²½²ÁT°È®Ç³±,°Èµ8±,ÅO¶·®.Õ
T = lnT
¯¡ºT®}¿T®×ÝÞ¯¡®´ØﬂÃ0®´°²±D¯¡ÁT°È®Ç³±,°Èµ8±,ÅO¶·®.Õ
R = ln rP
¯¡ºT®}¿T®×Ýg°¡±,¸Tµ·ÁT½7Æ´¾¾.°È¸Oµ·¿O±¯»®.Õ
RH = ln ρ
¯¡ºT®}¿T®×Ýg¸O®´¿T½²µæ¯çÔ¢Æ´¾¾.°²¸Tµ·¿O±D¯¡®.Õ
CAP = lnκ
Õ
κ
µ·½å¯¡ºT®¹¾ÃO±,Æ´µæ¯çÔÕ
S = ln(1 + LP /(fLtot))
¯»ºT®¹¿O®×Ýg¶·ÁOØÉµ·¿O¾.½Èµü¯çÔ"Æ´¾N¾.°È¸Tµ·¿&±¯¡®.Õ
Ltot
µ·½¯¡ºO®Ç¯¡¾D¯»±.¶*¶·ÁOØÉµ·¿T¾½Èµæ¯CÔ"¾.Ù3¯¡ºT®¹½¯»±.°±,¿T¸
f
µ·½±7Ù±,ÆÜ¯¡¾.°3¯¡¾Ä®¿T½²ÁT°È®<¯»ºO±¯
LP /(fLtot) > −1 ½²¾¯¡º&±¯ S µ8½¸T®O¿O®.ÎøåºOµ·½Ù±,Æ×¯»¾.°µ·½µ·ØÉÃ0¾°C¯»±,¿¯
ÝÄºT®´¿"¯¡ºT®¹¿O®´ÁN¯»°Èµ·¿T¾É®¿T®´°ÈÊDÔ¢¶·¾.½²½²®´½7±,°È®}µ·ØÉÃF¾.°C¯×±,¿¯ÖÎ
àÄÃTÃO¶æÔµ·¿TÊè¯¡ºOµ·½¨¯»¾	¯¡ºO®¹®Á&±¯¡µ·¾.¿O½±.Å0¾³®.ÕO¾.¿O®zO¿O¸T½I
• ý<¿T®´°ÈÊ,Ô"Æ´¾¿T½²®´°C³.±D¯¡µ·¾.¿Z
∂S
∂Q
= − Mf
fLtot
e(Q−S)(nucl − ν + grav),
ì§ðNÎ·ËÖÍ.ó
• áQ¾ØÉ®´¿¯»ÁTØJ®ÁO±D¯¡µ·¾.¿Z
∂P
∂Q
=
GM2f
4pi
fP e
(Q−P−4R)(1− eQ), ì§ðNÎ·Ëßó
• á5±.½È½7Æ´¾.¿T½²®´°C³±¯¡µ·¾.¿^
∂R
∂Q
=
Mf
4pi
e(Q−3R−RH),
ì§ðNÎ·Ëp¥.ó
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• ýM¿O®´°ÈÊDÔ¯¡°²±.¿T½²Ã0¾.°¯7®ÁO±¯»µ·¾.¿Z
ö7±,¸Oµ8±¯¡µ·¾.¿^
∂T
∂Q
=
3MffLtot
256pi2σ
fT (e
S − 1)e[Q+CAP−4(R+T )],
­¨¾.¿³®Æ×¯¡µ·¾.¿^
∂T
∂Q
=
GM2f
4pi
fP e
(Q−P−4R)(1− eQ) δ
cP
ì ðNÎ·ËIxó
ùÄ¾Ý©µ·ÙÝ®	¸Tµ·½²Æ´°È®Ü¯¡µ·½²®}¯¡ºO®®Á&±¯¡µ·¾.¿O½´Õ&Ýå®¾.Å¯»±,µ·¿GÅÔ5±,ÃOÃT°È¾I\Tµ·Øﬂ±¯¡µ8¿TÊﬂ¯»ºT®½²ÃO±¯»µ8±,¶¸O®´°Èµæ³.±s
¯¡µæ³®´½µ·¿"¯¡ºT®¹Øﬂµ·¸T¸O¶·®¹¾.Ù:¯»ºT®¹ØA±,½²½$~´¾.¿T®Aì±,¿O¸¢°È®´ÃT¶é±,Æ´µ·¿TÊ
J + 1
ÅÔ
J1
ó
• ýM¿O®´°ÈÊDÔ¢Æ´¾.¿O½È®°C³.±¯»µ·¾.¿Z
S(J1)− S(J)
Q(J1)−Q(J) +
Mf
fLtot
e0.5 (Q(J)+Q(J1)−S(J)−S(J1))
x
(√
nucl(J1) nucl(J)−
√
ν(J1) ν(J) + grav
)
= 0,
ì ðNÎ·Ëþó
grav =
1
4∆t
e0.5 (P (J1)+P (J)−RH(J1)−RH(J))
x
[
−(RHT(J1) + RHT(J)) (VP(J1) + VP(J)) +
(
RHT(J1)
ADI(J1)
+
RHT(J)
ADI(J)
)
(VT(J1) + VT(J))
]
• áQ¾.Øﬂ®´¿¯¡ÁOØR®NÁO±¯¡µ8¾.¿Z
P (J1)− P (J)
Q(J1)−Q(J)−
GM2f
4pi
fP e
0.5(Q(J1)+Q(J)−P (J1)−P (J)−4R(J1))−4R(J)) (1−e0.5(Q(J1)+Q(J)) = 0,
ì ðNÎ ð,ñó
• á5±,½²½Æ´¾¿T½²®´°C³.±D¯¡µ·¾.¿Z
R(J1)−R(J)
Q(J1)−Q(J) +
Mf
4pi
e0.5(Q(J1)+Q(J)−3R(J1)−3R(J)−RH(J1)−RH(J)) = 0,
ì§ðÎ ðNËÖó
• ýM¿O®´°ÈÊDÔ¯¡°²±.¿T½²Ã0¾.°¯7®ÁO±¯»µ·¾.¿Z
ö7±,¸Oµ8±¯¡µ·¾.¿^
T (J1)− T (J)
Q(J1)−Q(J) −
GM2f
4pi
fT e
0.5(Q(J1)+Q(J)−P (J1)−P (J)−4R(J1)−4R(J))
x(1− e0.5(Q(J1)+Q(J))) 0.5(RAD(J1) + RAD(J)) = 0 ì§ðNÎ ð.ð.ó
­¾.¿³®´ÆÜ¯¡µ·¾.¿Z
T (J1)− T (J)
Q(J1)−Q(J) −
GM2f
4pi
fT e
0.5(Q(J1)+Q(J)−P (J1)−P (J)−4R(J1))−4R(J))
x(1− e0.5(Q(J1)+Q(J))) 0.5(ADI(J1) + ADI(J)) = 0, ì§ðNÎ ð,Ìó
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RHT = ∂RH/∂T = −δ Õ
ADI = ∇ad µ·½¯»ºT®}±,¸Oµ8±,ÅO±¯»µ·Æ¹Ê.°¡±,¸Tµ·®´¿¯ ∂ ¶·¿ T  ∂ ¶·¿ P |ad Õ
RAD = ∇rad
µ·½¯¡ºO®¹°²±,¸Oµ8±¯¡µæ³®}Ê.°²±,¸Oµ·®´¿¯
∂
¶·¿
T

∂
¶8¿
P |rad
Õ
( ¶-NºÃÌF»«¹I»*) ³Ùo©Àt²³IÁ:ÀrºPo¸¹ºÇ»½
àÄ½½¡±,µ·¸ë±,ÅF¾³®.ÕN¯¡ºO®¹®Á&±¯¡µ·¾.¿T½7±,°È®}µ·ØÉÃT¶·µ8Æ´µæ¯7µ·¿¯¡µ·Øﬂ®.ÎMøåºOµ·½ØÉ®±,¿O½¨¯»ºO±¯7¶8±,°²Ê.®Ç¯¡µ·Øﬂ®¹½¯¡®´ÃT½
±.°È®"±,¶·¶·¾Ý®´¸ÝÄµæ¯¡ºT¾.Á¯ÉÆ´¾.ØÉÃO°È¾.Øﬂµ·½Èµ·¿OÊQ¯¡ºT®"½C¯×±,ÅTµ·¶·µæ¯çÔ^¾.Ù¯¡ºT®®NÁO±¯¡µ8¾.¿T½ÎﬀøºTµ·½èµ·½³®´°CÔÁO½È®ÙÁT¶
¯»¾ﬂØﬂ¾¸O®´¶K¯¡ºO®}®Ü³¾.¶·ÁN¯»µ·¾.¿Q¾.¿¢¯¡ºO®}ØA±,µ·¿Q½²®ÁO®´¿TÆ´®±,¿T¸Q¸OÁT°Èµ·¿OÊAí7®]sçÅTÁO°È¿Tµ·¿OÊTÎ¨êç¿¢¯¡ºT®±,¸³.±,¿TÆ®´¸
½¯»±.Ê.®´½Õ<¯¡ºT®¢®Ü³¾.¶·ÁN¯»µ·¾.¿!¾Ù¯¡ºT®¢Æ´¾°È®ë±,ÆÆ´®´¶·®´°²±D¯¡®´½ﬂ¸TÁO®¯¡¾$¿T®´Á¯¡°Èµ·¿O¾$¶·¾.½²½²®´½ÎIêC¿^¯¡ºTµ·½ﬂÆ±,½²®.Õ±,¿
®\ÃT¶·µ·Æµæ¯Øﬂ®×¯¡ºT¾N¸ﬂµ·½(Øﬂ¾.°È®7½ÈÁOµæ¯»±,ÅT¶8®.ÎMí7¾Ý®×³®°´Õ¸TÁT°²µ·¿TÊÛ¯»ºT®7±.¸N³.±,¿OÆ´®´¸ﬂ½¯»±.Ê.®´½Õ.¯»ºT®®Ü³¾.¶·ÁN¯»µ·¾.¿A¾.Ù
¯»ºT®Û®´¿³®´¶·¾.ÃF®Ûµ·½å¸O®´Æ´¾.ÁTÃO¶·®´¸"Ù°²¾.Øz¯»ºO±¯¾.Ù:¯¡ºT®ÛÆ¾.°È®¹±,¿O¸ ¯»ºT®Û®´¿³®´¶·¾.Ã0®¹½¯¡µ·¶·¶K®Ü³¾.¶æ³®´½¾.¿¢±	½²¶·¾Ý
¯»µ·ØÉ®É½ÈÆÖ±,¶·®.Î	øåºOµ·½¹Øﬂ®±,¿T½Ç¯»ºO±¯±,¿$®]\ÃT¶·µ8Æ´µæ¯}Øﬂ®×¯¡ºO¾¸ﬀ¿O®´®´¸T½Û¯¡¾"ÅF®èÁO½È®¸ﬀÙ¾.°Ç¯¡ºO®èÆ´¾°È®É±,¿O¸±,¿
µ·ØﬂÃT¶·µ·Æµæ¯ÄØÉ®Ü¯¡ºT¾¸Q¿T®´®´¸O½¯¡¾AÅ0®}ÁO½È®¸ëÙ¾.°¯¡ºO®}®´¿³®¶·¾.Ã0®ÎøåºT®}ÃO°È¾.ÅT¶·®ØJÅ0®Æ´¾.ØÉ®½½¯¡µüû±,¿T¸"¯»ºT®
Æ¾.°È°È®´ÆÜ¯¹½²¾.¶·ÁN¯»µ·¾.¿T½¹±,°²®	º&±,°È¸Q¯»¾O&¿T¸*Î}øåºT®èÃT°È¾.ÅO¶·®´ØoÝÄµæ¯¡º5¯¡ºT®èµ·ØÉÃO¶·µ·Æ´µæ¯}ØÉ®×¯»ºT¾¸ﬀ±,°²µ·½È®½ÄÝ7ºO®´¿
¯»ºT®¯¡µ·Øﬂ®½¯¡®´ÃAÅ0®´Æ¾.ØÉ®´½(½²Øﬂ±,¶·¶·®°¯¡º&±,¿è¯¡ºO®¯¡µ·Øﬂ®½²Æ±,¶·®7¾.ÙFºO®±¯Æ´¾.¿O¸TÁOÆ×¯¡µ·¾.¿è¯»ºT°È¾.ÁOÊ.ºè¯¡ºO®¶8±´Ô®´°I
∆t < τh(r) =
3CPκρ
2r2
4acT 3
=
r2
K
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Êµæ³®´¿Q±,Å0¾³®:
• ý<¿T®´°ÈÊ,Ô"Æ´¾¿T½²®´°C³.±D¯¡µ·¾.¿Z
S(J1)− S(J)
Q(J1)−Q(J) +
Mf
fLtot
[
βSugimoto e
(Q(J)−S(J))(nucl(J)− ν(J) + grav(J))
+(1− βSugimoto) e(Q(J1)−S(J1))(nucl(J1)− ν(J1) + grav(J1))
]
= 0,
ì§ðNÎ ð.Í.ó
grav(J) = − 1
∆t
e(P (J)−RH(J)) RHT (J)V P (J)+
1
∆t
e(P (J)−RH(J))
RHT (J)
ADI(J)
V T (J)
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• ýM¿O®´°ÈÊDÔ¯¡°²±.¿T½²Ã0¾.°¯7®ÁO±¯»µ·¾.¿Z
ö7±,¸Oµ8±¯¡µ·¾.¿^
T (J1)− T (J)
Q(J1)−Q(J) −
GM2f
4pi
fT
[
(1− βSugimoto) e(Q(J)−P (J)−4R(J)) (1− eQ(J))RAD(J)
+βSugimoto e
(Q(J1)−P (J1)−4R(J1)) (1− eQ(J1))RAD(J1)
]
= 0
­¨¾.¿³®´Æ×¯¡µ8¾.¿Z
T (J1)− T (J)
Q(J1)−Q(J) −
GM2f
4pi
fP
[
(1− βSugimoto) e(Q(J)−P (J)−4R(J)) (1− eQ(J))ADI(J)
+βSugimoto e
(Q(J1)−P (J1)−4R(J1)) (1− eQ(J1))ADI(J1)
]
= 0
ì§ðNÎ ð,ßó
Ý7ºO®´°È®
βSugimoto
µ·½Û¯»ºT®ÉÃ&±,°²±,Øﬂ®×¯¡®´°}ÁT½²®´¸ﬀ¯¡¾ë½ÈºOµ·Ù8¯}¯¡ºT®ﬂ¸Tµ·½²Æ´°²®×¯¡µ·½¡±¯¡µ·¾.¿¾.Ù(¯¡ºO®	¯çÝ¾ë®Á&±¯¡µ·¾.¿O½
±,ÅF¾³®¹µ·¿ë¾.ÃOÃ0¾.½²µæ¯¡®}¸Tµ·°È®´ÆÜ¯¡µ·¾.¿*Î<øåºO®¹Ã0¾.½²½²µ·ÅT¶·®Û³.±,¶·ÁO®´½Ù¾.°
βSugimoto
±,°È®~´®´°È¾A±,¿T¸ë¾.¿T®.Î
øºT®ﬂµ·ØÉÃO¶·®´ØÉ®¿¯»±¯»µ·¾.¿¾.Ù(¯»ºTµ·½ØÉ®×¯¡ºO¾¸ﬀÝå±,½¿T¾D¯}¯»°Èµæ³µ8±,¶Î øåºT®Y&°È½¯	±¯È¯¡®ØÉÃN¯}Ýå±,½¹¯»¾ëÁT½²®
¯¡ºO®A¿O¾.°ÈØA±,¶¸Tµ·½²Æ´°È®×¯»µ·½¡±¯¡µ·¾.¿>ìý{½ÎGðNÎ·ËþÖõTðNÎ ð.ð.óÁT¿¯»µ·¶M¯»ºT® µ·¿T½¯»±,ÅOµ·¶·µæ¯¡µ·®´½	¾ÆÆ´ÁT°ì±,Ùé¯¡®´°Æ´¾.°È®"­<õ
ÅOÁT°È¿Tµ8¿TÊó}±,¿T¸¯¡ºT®´¿$¯»¾QÁT½²®âNÁOÊ.µ·ØÉ¾D¯»¾1 ½ÃT°È®´½²Æ´°²µ·ÃN¯¡µ·¾¿µ·¿$¯¡ºO®AÁT¿T½¯»±.ÅT¶·®,~´¾.¿O®´½ì°~´¾.¿O®´½}Ý7ºT®´°²®
ý{0ÎðNÎ ð

µ8½³®°Èµ O®´¸0ó×Î(êC¿ëÃT°²±.Æ×¯¡µ·Æ´®.Õ&µæ¯Ýå±,½7Ù¾.ÁO¿T¸"¯¡º&±¯ÖÕO¾.¿OÆ´®­<õÅOÁT°È¿Oµ·¿TÊﬂ½¯»±,°C¯»½´Õ0ýFÎ¨ðNÎ ð

µ·½
³®´°²µ O®´¸ µ·¿ Øﬂ¾.½¯¾.Ù0¯»ºT®Ä½C¯×±,°´ÎøºTµ·½Øﬂ®±,¿O½<¯¡ºO±¯¯¡ºO®7½¯¡°²ÁTÆ×¯¡ÁO°È®Ä®ÁO±D¯¡µ·¾.¿T½¨ºO±,¸ﬂ¯¡¾Å0®ÄÆ»º&±,¿TÊ.®´¸
µ·¿I±Q¶8±.°ÈÊ.®Ù°²±,ÆÜ¯¡µ·¾.¿^¾.Ù¨¯»ºT®½C¯×±,°	±¯É¾.¿OÆ´®.ÎGøåºT®"í7®´¿Ô®×ÔØÉ®×¯¡ºO¾¸¸Oµ·¸^¿T¾D¯É±.Ê.°È®´®AÝ7µæ¯»º½²ÁTÆ»º
±,¿1±,ÅO°ÈÁTÃ¯AÆ»º&±,¿TÊ.®.ÎâÁTÊ.µ·Øﬂ¾D¯¡¾1 ½AÃT°²®´½²Æ´°Èµ·ÃN¯»µ·¾.¿^Ý±,½A±,¶·½²¾ﬀ¯¡®½C¯»®´¸!¸OÁT°Èµ·¿OÊíåõÅTÁO°È¿Tµ·¿OÊTÕÁO½Èµ·¿OÊ
ÅF¾D¯¡ºÃ0¾.½²½²µ·ÅT¶·®7³.±,¶·ÁT®½
βSugimoto = 1, 0
ÎàÞ½²¶·µ·Ê.º¯»¶æÔGì±,Å0¾ÁN¯¾.¿O®ÇÃ0®´°ÈÆ®´¿¯×ó<½²ºO¾.°C¯¡®´°±,¿O¸ ¶·¾.¿OÊ.®´°
¶·µ·Ù®Ü¯¡µ·ØÉ®É¾ÙM¯»ºT®ÉØﬂ±,µ·¿½È®IÁT®´¿OÆ´®Ý±,½}Ù¾.ÁT¿O¸ﬀÁO½²µ·¿TÊ
βSugimoto = 1
±,¿T¸
0
°È®´½²ÃF®´Æ×¯¡µæ³®¶æÔÎèøåºTµ·½
½²ºT¾ÝÄ½Ä¯¡ºT®Ýå®±,ä¿T®½È½¹¾.Ù¯¡ºOµ·½ÛØÉ®×¯¡ºO¾¸QÝ7ºO®´°È®¯¡ºT®	®¿T®´°ÈÊDÔGÃT°È¾N¸TÁTÆ×¯»µ·¾.¿G°²±¯»®	µ·½Û¿T¾D¯}®×³.±.¶·ÁO±¯¡®´¸
µ·¿É¯»ºT®7Æ´®´¿¯»°È®7¾.Ù0¯¡ºO®7Øﬂ±,½²½H~¾.¿T®7ÅTÁ¯±¯¨µæ¯¡½®´¸TÊ.®Îêç¿A¾.°È¸T®°M¯¡¾½²¾.¶æ³®å¯»ºTµ·½ÃT°È¾.ÅO¶·®´Ø¢Õ¾.¿O®åÝ¾.ÁT¶·¸
¿O®´®´¸ﬂ¯»¾	¸Tµ·½²Æ´°È®×¯»µ·½È®7¯¡ºO®Ä®IÁO±¯»µ·¾.¿T½±.Å0¾³®ÇÁT½²µ·¿TÊ	½²ºTµ·Ù8¯»®´¸µ·¿¯¡®´¿O½²µæ³®Û±,¿T¸®]\¯¡®¿T½²µæ³®7³.±,°²µ8±,ÅT¶·®´½å±,½
¸O®×³®´¶·¾.ÃF®´¸ﬂµ·¿Aá5®×Ô¿O®×¯p ½M¯¡ºT®½Èµ·½Äìá5®×Ô¿T®Ü¯7ËÖþ.þ.ñó×ÎøåºO®¸TµüûF®°È®´¿TÆ®Å0®´µ·¿OÊ}½²Øﬂ±,¶·¶Õ.¯»ºTµ·½(µ·ØÉÃF¾.°C¯»±,¿¯
Æ»º&±,¿TÊ.®ÉÝå±,½¿T¾D¯ÁO¿T¸T®°C¯»±,ä.®´¿ºO®´°È®.Î÷µ·¿O±,¶·¶æÔÕ3¯¡ºT®ﬂÙ¾.¶8¶·¾Ý7µ·¿TÊQØÉ®×¯»ºT¾¸ﬀÝå±,½	±,¸T¾.Ã¯¡®´¸*Î à¨¯}¯¡ºO®
½¯»±,°¯M¾.Ù0­<õNÅTÁT°²¿Tµ·¿TÊOÕâÁTÊ.µ·Øﬂ¾D¯¡¾1 ½ÃO°È®´½²Æ´°Èµ8ÃN¯¡µ·¾.¿	µ8½M±,ÃTÃO¶·µ·®´¸¯»¾7¯¡ºT®Æ´®´¿¯¡°¡±,¶N½²ºT®¶·¶ÎøºT®´¿:Õ.±D¯M®±,Æ»º
µæ¯¡®°²±¯¡µ·¾.¿I¾.Ù¯¡ºO®"í7®´¿Ô®×ÔØﬂ®×¯¡ºT¾N¸*Õ(âÁTÊ.µ·Øﬂ¾D¯¡¾1 ½èÃO°È®´½²Æ´°Èµ·Ã¯¡µ·¾.¿^µ·½É±,ÃOÃT¶·µ·®´¸¯»¾G¾.¿O®"±,¸T¸Oµæ¯¡µ·¾.¿O±.¶
½²ºT®´¶8¶(ÁT¿¯»µ·¶(®×³®´¿¯»ÁO±,¶·¶æÔ^âNÁOÊ.µ·ØÉ¾,¯¡¾1 ½ÃT°²®´½²Æ´°Èµ·Ã¯¡µ·¾.¿µ·½	±,ÃOÃT¶·µ·®´¸¯¡¾¢¯¡ºO®A®´¿¯»µ·°È®AÃ&±,°C¯	¾.Ù¨¯¡ºT®A½¯»±.°
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µ·½<³®´°Èµ O®¸*ÎøåºTµ·½½²Øﬂ¾¾D¯¡ºO®´°M¯¡°²±.¿T½²µæ¯¡µ·¾.¿±,¶·¶·¾Ý7½¨Æ´¾.¿³®´°²Ê.®´¿TÆ®7¾.Ù0¯»ºT®7½¯¡°²ÁTÆ×¯¡ÁO°È®
Ý7µæ¯»ºTµ·¿ú±GÙ®ÜÝ¯¡µ·Øﬂ®"½¯¡®ÃT½Î^êç¿¯»ºT®"ÃO°È®´½²®´¿¯AÆ±,¶·Æ´ÁO¶8±¯¡µ·¾.¿O½Õ
βSugimoto = 1
Ýå±,½ÉÁO½²®´¸*Î^ùÄ¾D¯¡®
¯¡º&±¯ÖÕF¸TÁO°Èµ·¿TÊﬂ¯¡ºO®	±,¸N³±,¿TÆ´®¸5½¯»±,Ê.®´½ÕFµ·¿O®ÁO±D¯¡µ·¾.¿ﬀðÎ ð

µ·½7³®°Èµ O®´¸Q¯¡ºO°È¾.ÁTÊ.ºO¾.ÁN¯Ä¯¡ºO®½¯»±,°´ÕF½²ÁTÆ»º
¯¡º&±¯âNÁOÊ.µ·ØÉ¾,¯¡¾1 ½¨ÃT°²®´½²Æ´°Èµ·ÃN¯»µ·¾.¿ µ·½¨ÁT½²®´¸ µ·¿A¯¡ºT®Ä®¿¯¡µ·°È®Äµ·¿¯¡®´°Èµ·¾°´ÎMùÄ¾D¯¡®Ç±,½(Ý®´¶·¶&¯¡º&±¯âNÁOÊ.µ·ØÉ¾D¯»¾1 ½
ÃO°È®´½²Æ´°Èµ·Ã¯¡µ·¾.¿AÝå±,½¨¿T¾,¯å±,ÃOÃT¶·µ·®´¸"±¯¨¯¡ºT®ÇÆ´®´¿¯»°È®Ç±,¿O¸±¯¨¯¡ºT®Ç¶·µ·ØÉµæ¯åÅF®×¯çÝ®´®¿ﬂ¯¡ºO®Äµ·¿¯»®´°Èµ·¾.°±,¿O¸ﬂ¯¡ºO®
®´¿³®´¶·¾.ÃF®Å0®´Æ±.ÁT½²®µ·¿T½¯»±,ÅOµ·¶·µæ¯¡µ·®´½Ç¸T¾ ¿T¾D¯Û¸O®×³®´¶·¾.Ã5µ8¿¢¯»ºT®´½²®}¯çÝ¾O~´¾¿T®´½ÎÄ÷µ·¿O±,¶·¶æÔÕ0¿T¾,¯¡®}¯¡ºO±D¯Ç¾.¿
¯¡¾Ã$¾Ù<¯¡ºO®ﬂ®ÁO±D¯¡µ·¾.¿T½¸T®´°Èµæ³®´¸±,Å0¾³®.Õ*¯»ºT®O.±.Æ´¾.ÅTµ8±,¿1ìÃO±,°C¯»µ8±,¶<¸T®´°Èµæ³±¯¡µæ³®½}¾.Ù(¯¡ºO®É®Á&±¯¡µ·¾.¿O½
Ý7µæ¯»ºﬀ°È®´½²Ã0®´ÆÜ¯Ç¯¡¾ ¯¡ºO®³.±.°Èµ8±,ÅT¶·®óåÝ®°È®èÁTÃF¸O±¯¡®´¸$±,½ÄÝ®¶·¶Î	ÓÇ¿T®è¿T®×Ý ½²ÁTÅT°²¾.ÁN¯¡µ·¿O®Ýå±.½Ûµ·¿TÆ¶·ÁT¸T®´¸
µ·¿"¯¡ºT®}Æ´¾¸T®}Ù¾.°¨¯»ºT®âÁTÊ.µ·Øﬂ¾D¯¡¾1 ½ÃO°È®´½²Æ´°Èµ·Ã¯¡µ·¾.¿ì?Ê.µ·°È½²Á*Î Ù¡ó×Î
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­¨¾.¿³®Æ×¯¡µæ³®¹¸TµüûFÁO½²µ·¾.¿"°²®´ÃT¶8±,Æ®´½Æ¾.¿³®´ÆÜ¯¡µ·¾.¿¢¸TÁO°Èµ·¿TÊﬂÓjsçÅTÁT°²¿Tµ·¿TÊèÅ0®Æ±,ÁT½²®Ä¯¡ºO®ÛØÉµ[\Tµ·¿TÊ¯¡µ·Øﬂ®
½²Æ±.¶·®ì
τmix = R
2
core/Dconv ∼ 104 − 105
½»óÅ0®´Æ´¾ØÉ®´½Ä¶·¾¿TÊ.®´°¯»ºO±,¿ë¯¡ºT®®×³¾.¶·Á¯¡µ·¾.¿ë¯»µ·ØÉ®½¯¡®´ÃT½
ì
∆t ∼ 102 − 103 ½»ó±¯	¯¡ºO±D¯èÃF¾.µ·¿¯ÖÎﬀøåºT®A¯¡ºT®¾.°CÔ¾.Ù¯¡ºT®ØÉµ[\µ·¿OÊG¶·®´¿TÊD¯»ºµ·½èÁT½²®´¸¯¡¾G¸T®´°Èµü³®
¯»ºT®AÆ´¾.°²°È®´½²Ã0¾¿T¸Tµ·¿OÊQ¸TµüûFÁO½²µ·¾.¿Æ¾® ﬂÆµ·®´¿¯ÖÕ
Dconv
Î¢øåºO®Aµ·¿¯¡®°ÈÃT¶8±´ÔÅF®×¯çÝ®´®´¿ØÉµ[\Tµ·¿TÊG±,¿T¸$¯»ºT®
¿NÁTÆ´¶·®±.°åÅTÁO°È¿Tµ8¿TÊ	Ý7µ·¶·¶:Å0®¹¸Oµ·½²Æ´ÁT½²½²®´¸¢µ·¿"¯¡ºT®}¿T®]\N¯7Æ»ºO±.ÃN¯¡®´°Î
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øåºT®¯»µ·ØÉ®¢½¯¡®´Ã!Æ´¾.¿¯¡°È¾.¶¨Ýå±,½ﬂÁOÃ0¸O±D¯¡®´¸*Î M°²®×³µ·¾.ÁO½È¶æÔÕ<¯¡ºT®¯¡µ·Øﬂ®¢½C¯»®´Ã^Ýå±,½ﬂÆ´¾.¿¯»°È¾.¶·¶·®´¸úÅÔ
³®´°Èµ·Ù8Ôµ·¿OÊ¯¡º&±¯¯¡ºT®ÛÆ®´¿¯¡°¡±,¶*±,ÅTÁT¿O¸O±,¿OÆ´®Û¾.Ù*¯¡ºT®¹Øﬂ±,µ·¿"ÅOÁT°È¿Oµ·¿TÊèÙÁT®¶0Ýå±,½å¿T¾D¯³.±.°CÔµ·¿TÊÉÅÔØÉ¾.°²®
¯»ºO±,¿ﬂñÎ ðì?µ·¿ÉØA±,½²½MÙ°²±,Æ×¯»µ·¾.¿&óÅ0®Ü¯çÝ®´®´¿	¯çÝ¾Ç¯¡µ·Øﬂ®å½C¯»®´ÃT½ÎøåºOµ·½MØÉ®×¯¡ºO¾¸Éµ·½M½²ÁTµæ¯»±.ÅT¶·®åÙ¾.°<í1±,¿O¸
íÄ®»õÅTÁO°È¿Tµ·¿OÊ.½ÛÅ0®´Æ±.ÁT½²®	¸TÁO°Èµ·¿TÊA¯¡ºO®´½²®¯çÝ¾"½¯»±,Ê.®´½Õ0¯¡ºO®	¶8±,°ÈÊ®´½¯¹Æ»º&±,¿TÊ.®´½Û¾NÆ´Æ´ÁT°Çµ·¿5¯¡ºT®èÆ´®´¿¯¡®°´Î
k
ÁO°Èµ·¿TÊ¹¯¡ºT®Ä±,¸N³.±,¿OÆ´®´¸A½¯»±,Ê.®´½ÕºT¾Ý®×³®´°´Õ½²®×³®´°¡±,¶O®´ÃOµ·½²¾¸T®´½¾.ÙF½²ºT®¶·¶OÅTÁO°È¿Tµ8¿TÊ.½(¾Æ´ÆÁT°7ì°È®´¶·®±,½²µ·¿OÊ
±¶8±,°ÈÊ.®5±,Øﬂ¾.ÁT¿¯¾.ÙÇ¿ÁOÆ´¶·®±,°A®´¿T®´°²ÊDÔOóÝÄºTµ·¶·®.Õµ·¿I¯»ºT®ëÆ¾.°È®.Õå±,ÅTÁT¿O¸O±,¿OÆ´®´½A¸T¾¿O¾D¯ ®×³¾.¶æ³®.Î>ê§¯
µ·½ﬂ¯¡ºT®´°²®´Ù¾.°È®QÆ´°ÈÁOÆ´µ8±,¶¯»¾ﬀ³®´°²µ·Ù8Ô^¯»ºO±¯A¯¡ºT®¢¯¡µ·ØÉ®Q½¯¡®´Ãúµ8½A½²ÁTµæ¯»±.ÅT¶·®"¯»ºT°È¾.ÁOÊ.ºT¾ÁN¯ﬂ¯¡ºT®Q½¯»±,°´Îm(Ô
Øﬂ¾.¿Tµæ¯»¾.°Èµ·¿TÊ¹¯¡ºT®³±,°Èµ·¾.ÁO½(®´¿T®´°²ÊDÔÉÃO°È¾¸OÁTÆ×¯¡µ·¾.¿ﬂ°¡±¯¡®´½Äì¿ÁTÆ´¶·®Ö±,°´Õ¿O®´ÁN¯¡°²µ·¿T¾.½±,¿O¸ﬂµ·¿¯¡®°È¿O±,¶&®´¿T®´°²ÊDÔOó
¯»ºT°È¾.ÁOÊ.ºT¾.Á¯A¯¡ºT®Q®×³¾¶·ÁN¯¡µ·¾.¿>±,¿T¸ú¯¡ºT°²¾.ÁTÊ.ºO¾.ÁN¯A¯¡ºT®Q½¯»±.°´Õµæ¯AÝå±.½ Ù¾.ÁT¿O¸!¯¡ºO±¯A¯»ºT®QØA±t\µ·ØÁOØ
®¿T®´°ÈÊ,ÔÃT°²¾¸TÁOÆ×¯¡µ·¾.¿ë±¯7±èÊ.µæ³®´¿¯¡µ·Øﬂ®¹±.¶æÝå±´Ô½Æ´¾.°È°²®´½²Ã0¾.¿O¸T½¨¯¡¾	¯¡ºT®ÛÆ¾.¿¯¡°²µ·ÅTÁN¯»µ·¾.¿"Ù°²¾.Ø¿NÁTÆ´¶·®±.°
°²®±,Æ×¯¡µ·¾¿T½Îô®Û¯¡ºT®´°²®´Ù¾.°È®¹ÁO½È®¹¿O¾Ýª¯¡ºO®ÛØA±t\µ·Ø	ÁTØR¿NÁTÆ´¶·®±.°å®´¿T®´°²ÊDÔ"ÃT°²¾¸TÁOÆ×¯¡µ·¾.¿¢°²±¯»®¹µ·¿¢¾.°È¸O®´°
¯»¾f`\	¯»ºT®¯¡µ·Øﬂ®½¯¡®´Ã:Î3ô®½²Æ±,¶·®å¯¡ºO®¯¡µ·ØÉ®7½¯¡®´Ãﬂ½²¾Û¯»ºO±¯<¯¡ºO®Øﬂ±\µ·ØÁTØÆ»º&±,¿TÊ.®7¾.ÙK±,ÅOÁT¿T¸&±,¿TÆ´®½
±.¿ÔÝ7ºO®´°È®Éµ·¿5¯¡ºO®è½¯»±,°ﬂì?ÁT½²µ·¿TÊë±°È®¶8±¯¡µ·¾.¿$ÅF®×¯çÝ®´®´¿G¯¡ºT®É®´¿T®´°²ÊDÔGÃO°È¾¸TÁOÆ×¯¡µ·¾.¿±,¿T¸G¯¡ºT®ÉÆ»ºO±,¿OÊ.®
µ·¿Q±,ÅOÁT¿T¸&±,¿TÆ´®ó(³.±,°Èµ·®½ÅÔ¢±,ÅF¾.ÁN¯ÇñÎ ðiì?µ·¿ëØﬂ±,½²½Ù°²±,ÆÜ¯¡µ·¾.¿&óÅ0®Ü¯çÝ®´®´¿"¯çÝ¾	¯»µ·ØÉ®}½C¯»®´ÃT½Î
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±,¿O¸ 20 ù7®5ìá5®×Ô¿T®Ü¯ Ëþ.þ.ñó×ÎøåºO®ﬂ¿O®]\¯	Øﬂ±,µ·¿ÙÁO½Èµ·¾¿ÃO°È¾Æ´®½È½µ·½¹¯¡ºT®¿ﬀ¯¡ºO®ﬂÆ±.°ÈÅ0¾.¿¾.¿T®A½²µ·¿TÆ´®
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Ý7µæ¯»º^±5°È®´½¯¡°Èµ·ÆÜ¯¡®´¸¿NÁTØÅF®´°¾.Ùå½²ÃF®´Æ´µ·®´½	¸OÁT°Èµ·¿OÊë¯¡ºT®±.¸N³.±,¿OÆ´®´¸^½C¯×±,Ê.®´½	Ù¾°ÃT°¡±,Æ×¯¡µ·Æ±,¶¨°È®±,½²¾.¿O½Î
øåºO®ﬂ¶·µ·½¯¾.Ù¨®´¶·®´Øﬂ®´¿¯¡½Ù¾.¶·¶·¾Ý®¸¸TÁO°Èµ·¿OÊQ­ÇÕù7®.ÕÓR±.¿T¸âNµ õÅOÁT°È¿Oµ·¿TÊ.½µ·½
α
Õ 12 ­ÛÕ 16 ÓèÕ 20 ù7®Õ
24 áQÊTÕ 28 âNµÕ 32 âFÕ 36 àÇ°´Õ 40 ­±Õ 44 øåµÕ 48 ­¨°´Õ 52 ÷O®}±.¿T¸ 56 ùÄµÎ<ê§¯Äµ·½7ÅO±,½²µ·Æ±,¶·¶æÔë±.¶·¶K¯¡ºT®}ØÁT¶æ¯»µ·ÃT¶·®]s α
®´¶·®ØÉ®´¿¯»½®]\Æ´®ÃN¯ 8 m®ÎMê§¯åµ·½°¡±¯¡ºT®°¨½²Øﬂ±,¶·¶KÅTÁ¯åµæ¯åµ·½å®´¿T¾.ÁOÊ.ºA¯¡¾è°È®±,½²¾.¿&±,ÅT¶æÔÙ¾.¶·¶·¾Ý ¯»ºT®Ç®¿T®´°ÈÊ,Ô
ÃO°È¾¸TÁOÆ×¯¡µ·¾.¿"±.¿T¸A¯¡ºO®Ç®×³¾.¶·Á¯¡µ·¾.¿"¾.ÙK¯¡ºO®ÇØﬂ±,µ·¿"®´¶·®´ØÉ®¿¯±,ÅOÁT¿O¸O±,¿OÆ´®´½Ûì?½²®´®Ûøåµ·ØÉØﬂ®´½®×¯±,¶ÎOð,ñ.ñ.ñò
í7µ \5®Ü¯}±,¶ÎËþ.þyxó×Î
k
ÁT°²µ·¿TÊ¢í ±,¿O¸ﬀíÄ®»õÅTÁO°È¿Tµ·¿OÊTÕ0¯»ºT®	¶8µ·½C¯}¾.Ù(®´¶·®´Øﬂ®´¿¯»½ÛÙ¾.¶·¶·¾Ý®´¸$µ·½I 1 íÕ 3 í7®Õ
4 íÄ®.Õ 12 ­ÇÕ 13 ­ÛÕ 14 ùÕ 15 ùÕ 16 Ó	Õ 17 ÓèÕ 18 Ó	Õ 20 ù7®Õ 22 ù7®.Õ 24 á5ÊTÕ 25 áQÊﬂ±.¿T¸ 26 áQÊOÎ
øºT®µ·¿Oµæ¯¡µ8±,¶3Æ´¾.ØﬂÃ0¾.½²µæ¯»µ·¾.¿Q¾.Ù¯»ºT®ØÉ¾N¸T®´¶·½Äµ·½ÄÊ.µæ³®´¿Qµ·¿5ø±,ÅT¶·®ÌTÎ·Ë.Îå÷O¾.°Ç±ﬂÊ.µæ³®´¿5ØÉ®×¯»±.¶·¶·µ·Æ´µæ¯çÔ
Z
ìµ·¿5ØA±,½²½ÇÙ°²±,Æ×¯»µ·¾.¿&óÜÕ&¯¡ºT®µ8¿Tµæ¯¡µ8±,¶ºT®´¶·µ·ÁOØWØA±,½²½ÇÙ°²±.Æ×¯¡µ·¾.¿:Õ
Y
ÕFµ·½ÇÊ.µü³®´¿GÅÔ¢¯¡ºO®°È®¶8±¯¡µ·¾.¿
Y =
Yp+∆Y/∆Z ·Z Õ,Ý7ºO®´°È® Yp µ·½¯»ºT®åÃT°²µ·ØÉ¾.°È¸Oµ8±,¶TºT®¶·µ·ÁTØ±,ÅTÁT¿O¸O±,¿OÆ´®±,¿T¸ ∆Y/∆Z ¯¡ºO®å½È¶·¾Ã0®å¾.Ù
¯¡ºO®ºT®´¶8µ·ÁTØõ¯¡¾õØÉ®Ü¯»±,¶3®¿T°Èµ·Æ»ºOØÉ®´¿¯Ä¶é±´ÝÎåøåºO®½¡±,ØÉ®}³.±,¶·ÁT®½Ä±.½Äµ·¿5áG±,®´¸T®´°ÇîáQ®ÜÔ¿T®×¯èì ð,ñ.ñËÖó

Ì
ã:É²îMÉä 
t üû1|
ú
]
Iý,=
¯ýËqt
ù

IýOIþ`

ø±,ÅT¶·®ÌÎ·ËyMêC¿Tµæ¯¡µ8±,¶3±,ÅTÁO¿T¸&±,¿TÆ´®ﬂì?µ8¿¢ØA±,½²½åÙ°²±,Æ×¯¡µ·¾¿&ó¨¾Ù:¯¡ºO®¹Æ»ºT®´Øﬂµ·Æ±,¶:®´¶·®´Øﬂ®´¿¯¡½
ý<¶·®´ØÉ®¿¯ áG±,½È½Ù°¡±,Æ×¯¡µ·¾.¿ ý<¶·®´Øﬂ®´¿¯ áG±,½²½Ù°²±,Æ×¯»µ·¾.¿
1 í ñÎ}¥,ñÍ 24 á5Ê ÍNÎÈx.ßË k s 
3 íÄ® ðNÎ þËÖÍ k sCÍ 25 á5Ê ¥NÎ}¥.ñ k sÍ
4 íÄ® ñÎ ðy¥.Í 26 á5Ê xÎÈx  k sÍ
12 ­ ÌÎ  ð  Í k sçÌ 28 âNµ ßÎ Í,Ì.ñË k s 
13 ­  Î·ËÖð k sCÍ 32 â ÌÎ þÍrxË k s 
14 ù Ë.Î ñÍrx.þ k sçÌ 36 àÄ° ¥NÎ}¥  ñð k sCÍ
15 ù  Î·Ë k sçß 40 ­± ÍNÎ þyx.þyx k sCÍ
16 Ó þÎ ßTËþÍ k sçÌ 44 øåµ ñ
17 Ó ÌÎ þ k sçß 48 ­¨° ñ
18 Ó ðNÎ ðNË k sCÍ 52 ÷O® ñ
20 ù7® Ë.ÎÈxð.ð.ð k sçÌ 56 ù7µ ñ
22 ù7® Ë.Î  ß.ß k s 
±.°È®¨ÁT½²®´¸8æM¼âwM
Yp Î
ñÎ ð,ÌÇ±,¿O¸
∆Y/∆Z
Î
ðNÎ ð.ÍNÎ÷O¾.°3¯¡ºT®¨½²¾.¶8±,°Øﬂ®×¯»±,¶8¶·µ·Æ´µæ¯çÔÕ
Z
Î
ñTÎ ñðNÕ.¾.¿T®(¯¡ºNÁT½
º&±,½
X
Î
ñÎ}¥.ñÍÛ±,¿T¸
Y
Î
ñÎ ðy¥.ÍÎ÷O¾.°¯¡ºT®åØÉµ[\N¯¡ÁT°²®¾.ÙO¯¡ºT®åºT®Ö±´³Ôè®´¶·®´ØÉ®¿¯¡½Õ,¯¡ºO®½¡±,Øﬂ®Øﬂµ[\¯¡ÁO°È®
±.½Ä¯¡ºT®è¾.¿T®èÁO½È®¸Q¯¡¾"Æ´¾.ØﬂÃTÁN¯»®¯¡ºO®	¾.Ã&±,Æ´µæ¯çÔQ¯»±.ÅT¶·®´½ÛÙ¾.°Ç½²¾.¶8±,°ÛÆ¾.ØÉÃF¾.½²µæ¯¡µ·¾.¿$±,°È®É±,¸O¾.ÃN¯¡®¸*Î÷T¾°
®¶·®´ØÉ®´¿¯¡½ºT®Ö±´³µ·®´°¯¡ºO±,¿QáQÊTÕ¯¡ºT®Û³.±,¶·ÁT®½Ù°È¾.ØJàÄ¿T¸O®´°È½7î ÚÛ°²®×³®´½²½²®ﬂìÈËþyx.þóå±,°È®¹ÁO½²®´¸*Î
øåºT®7¿ÁTÆ´¶·®Ö±,°<°È®Ö±,Æ×¯¡µ·¾.¿O½(µ·¿TÆ´¶·ÁO¸T®´¸Aµ·¿è¯¡ºO®ØÉ¾N¸T®´¶O¸OÁT°Èµ·¿OÊÛ¯¡ºT®Ä±,¸N³.±.¿TÆ´®´¸A½C¯×±,Ê.®´½±,°È®7¶·µ·½¯¡®´¸Aµ·¿
ø±,ÅT¶·®¹ÌÎ ðÎøºT®Û°È®±,ÆÜ¯¡µ·¾.¿T½¨¯»±,ä®´¿"µ·¿¯¡¾É±,Æ´Æ¾.ÁT¿¯®]\TÃT¶·µ·Æ´µæ¯»¶æÔﬀì?Æ´¾.¶·ÁOØÉ¿"¾.¿O®Ç¾Ù:ø±.ÅT¶·®¹ÌÎ ð.ó¨±,°²®Û±,¶8¶
¯»ºT®}°²®±,Æ×¯¡µ·¾¿T½7¶·µ·¿Oäµ·¿TÊA¸Tµ8°È®´Æ×¯¡¶æÔ"¯¡ºO®}®´¶·®´Øﬂ®´¿¯»½7¾.Ù¯¡ºT®}¿O®×¯çÝ¾.°²ä"ÁT½²®´¸ëµ8¿"¯¡ºO®±,¸³.±,¿OÆ´®´¸ë½¯×±,Ê.®´½Î
­¾.¿TÆ´®°È¿Tµ·¿OÊ¯»ºT®¹°È®±,Æ×¯»µ·¾.¿T½¯»±,ä.®´¿ëµ·¿¯¡¾ﬂ±,Æ´Æ´¾ÁT¿¯7µ·ØﬂÃT¶·µ·Æ´µæ¯»¶æÔ$ì?Æ´¾.¶8ÁTØÉ¿¯çÝ¾ﬂ¾.Ùø±,ÅT¶·®}ÌTÎ ð.ó×ÕN¯¡ºO®×Ô
ÆÖ±,¿¢ÅF®¹¸Tµæ³µ8¸T®´¸ëµ·¿¯¡¾è¯çÝ¾ÉÊ°È¾.ÁTÃO½
• øåºO®É³.±,°²µ·¾.ÁT½°²®±,Æ×¯¡µ·¾.¿O½ (α, p) º&±´³®AÅF®´®´¿^±,¸T¸T®¸$¯¡¾ë¯¡ºT® (α, γ) °¡±¯¡®´½Î¢øºTµ·½	±,½²½²ÁTØﬂ®´½
¯¡º&±¯7±,¿¢µ·¿T½¯»±.¿¯»±,¿O®´¾.ÁT½åÃO°È¾D¯¡¾.¿¢Æ±,ÃN¯»ÁT°È®Ûµ8½å±.½È½²ÁOØÉ®´¸$ìÙ¾.°å®]\T±,ØﬂÃT¶·® 35 ­¨¶ (p, γ)36
àÄ°»ó×ÎMê§¯
±,¶·¶·¾ÝÄ½è¯¡¾µ·¿TÆ¶·ÁT¸T®ëµ·¿!¾.ÁO°É°È®´½¯»°Èµ·Æ×¯¡®´¸ú¿T®Ü¯çÝ¾.°Èä¯¡ºO®@O¾ÝW¾.ÙÄ°È®Ö±,Æ×¯¡µ·¾.¿O½èÝ7ºOµ·Æ»ºú±,°²®¢¿O¾D¯
¸Tµ8°È®´Æ×¯¡¶æÔ¢Ù¾.¶·¶·¾ÝÄµ·¿TÊè¯¡ºO®¹ØÁO¶æ¯¡µ·ÃT¶·®»õ
α
®´¶·®ØÉ®´¿¯»½Æ»ºO±,µ·¿:Î
• øåºO®¨¾,¯¡ºT®´°°È®±.Æ×¯¡µ·¾.¿O½Æ´¾.¿OÆ´®´°È¿¯»ºT® põN¸T®´Æ±´Ô	Æ±.¿O±,¶¾.ÙT¯¡ºO®¨ØA±,µ·¿è°È®±,Æ×¯»µ·¾.¿è¾.ÙT¯¡ºT®¸TµüûK®´°È®´¿¯
ÅTÁO°È¿Tµ8¿TÊè½¯»±,Ê.®½å¸O®´½²Æ´°Èµ·ÅF®´¸"µ·¿QâN®Æ×¯ÖÎ<ÌÎ·Ë.Î(÷O¾.°¨¯¡ºT®¹Æ´¾.ØﬂÃ0¾.ÁO¿T¸"®¶·®´ØÉ®´¿¯¡½}ì 24 á5ÊFÙ¾.°­(õ
ÅTÁO°È¿Tµ8¿TÊ±,¿T¸ 32 â}èÙ¾.°ÛÓ7õÅTÁT°²¿Tµ·¿TÊó×ÕO¯¡ºO®Øﬂ¾.½¯ÛÃT°È¾.Å&±,ÅT¶·®¸O®´Æ±´ÔQÆ±,¿&±,¶·½Û±,°È®}¯¡ºO® α
±,¿O¸
p
¾.¿O®´½ÎÉøºT®
α
õ¸T®´Æ±´ÔT½±,°²®É®]\TÃT¶·µ·Æ´µæ¯¡¶üÔ5¯×±,ä.®´¿µ·¿¯¡¾Q±,Æ´Æ´¾ÁT¿¯µ·¿¾.ÁT°}¿T®×¯çÝ¾.°²ä0ÎﬂøåºT®
p
õ
¸T®Æ±´Ô½	±,°²®A¿T¾D¯Î¢íÄ¾Ý®×³®´°Õ¯¡ºT®
p
¸T®´ÆÖ±´Ô½ÃT°È¾¸OÁTÆ´®A®´¶·®ØÉ®´¿¯¡½ì 23 ùÄ±ëÙ¾.°è­<õÅOÁT°È¿Oµ·¿TÊ
±,¿O¸ 31 !Ù¾°ÓõNÅTÁT°²¿Tµ·¿TÊóMÝÄºTµ·Æ»ºlÁTµ·Æ»äN¶æÔÆ±,Ã¯¡ÁT°²®¹±	ÃT°²¾D¯¡¾.¿*Î{m(ÔÆ¾.ØÉÃ&±,°Èµ·¿TÊ	¯¡ºT® (p, γ)
±,¿O¸
(p, α)
°²±¯»®´½ÄÙ¾.°¯¡ºO®´½²®®¶·®´ØÉ®´¿¯¡½Õ0¾.¿T®Æ±.¿Q½²®´®}¯¡º&±¯7¯»ºT®
(p, α)
µ·½ÄÁO½²ÁO±,¶·¶æÔ5±¯Û¶·®±,½¯
¯¡®¿ﬂ¯¡µ·ØÉ®½Øﬂ¾.°È®Äµ·ØﬂÃ0¾.°¯»±,¿¯ÖÎMê§¯µ·½(¯¡ºT®°È®´Ù¾.°²®{XÁT½¯¡µ O®¸ﬂ¯¡¾	±,¸O¸ﬂ¯¡ºT®
p
õ¸O®´Æ±´Ô °²±¯¡®´½(¯¡¾}¯»ºT®
α
õ¸O®´Æ±´Ô¢¾.¿T®½´Î
:
^ÎÏÐbdc
 l}Ò
a

^
~
c=Ï
A
c-Ï¬^µb

_IaacbNm	_
Nn
ø±,ÅO¶·®èÌÎ ðÇöå®Ö±,Æ×¯¡µ·¾.¿O½Çµ·¿OÆ´¶·ÁT¸O®´¸Gµ·¿Q¯»ºT®	¿T®×¯CÝ¾.°ÈäëÙ¾°¹­ÇÕKù7®Õ*Ó_±,¿T¸$âµ õÅTÁT°²¿Tµ·¿TÊ½´Î¹øåºT®&°È½¯
Æ´¾.¶8ÁTØÉ¿5¶·µ·½¯¡½7¯¡ºT®°È®±,ÆÜ¯¡µ·¾.¿T½7Ý7ºTµ·Æ»ºG±.°È®®\ÃT¶·µ·Æµæ¯¡¶æÔ¢¯»±,ä®´¿5µ·¿¯¡¾±,Æ´Æ´¾ÁT¿¯Ûµ·¿ë¯¡ºO®¿T®Ü¯çÝ¾.°Èä0Î7øåºO®
½²®´Æ´¾.¿O¸Æ´¾.¶·ÁOØÉ¿"¶·µ·½C¯»½(¯»ºT®Ç°È®±.Æ×¯¡µ·¾.¿O½(¯»ºO±¯±,°È®Ûµ·ØÉÃO¶·µ·Æ´µæ¯¡¶æÔA¯»±,ä.®´¿"µ·¿¯¡¾É±,Æ´Æ´¾.ÁO¿¯åÅÔ±,¸O¸Tµ·¿OÊ¯¡ºT®µ·°
°È®Ö±,Æ×¯¡µ·¾.¿ë°²±D¯¡®Û¯¡¾	¯»ºT®¹°¡±¯¡®}¾.Ù3¯¡ºT®}°È®±,Æ×¯»µ·¾.¿ë¾.¿"¯¡ºT®´µ·°¶·®´Ù8¯Î(÷O¾.°å®\T±,ØÉÃO¶·®.Õ¯¡ºO®¹°È®±.Æ×¯¡µ·¾.¿ë°²±D¯¡®¹¾.Ù
32 â (α, p)35
­¨¶KÝå±,½7±.¸T¸T®´¸"¯¡¾	¯¡ºO®¹°²±¯»®¹¾.Ù 32 â (α, γ)36
àÇ°´Î
ý¢\ÃO¶·µ·Æ´µæ¯u¹°È®±.Æ×¯¡µ·¾.¿O½ CêçØﬂÃT¶·µ·Æµæ¯uÛ°È®Ö±,Æ×¯¡µ·¾.¿O½
4 í7® (2α, γ)12
­ 4 íÄ® (2α, p)11
m
12 ­ (γ, 2α)4
í7®
12 ­ (12
­
, α)20
ù7® 12 ­ (12
­
, p)23
ùÄ±
16 Ó (12
­
, α)24
á5Ê 16 Ó (12
­
, p)27
àÄ¶
20 ù7® (12
­
, α)28
âµ 20 ùÄ® (12
­
, p)31

16 Ó (16
Ó
, α)28
âNµ 16 Ó (16
Ó
, p)31

12 ­ (α, γ)16
Ó 12 ­ (α, p)15
ù
16 Ó (γ, α)12
­
16 Ó (α, γ)20
ùÄ® 16 Ó (α, p)19
÷
20 ùÄ® (γ, α)16
Ó
20 ù7® (α, γ)24
áQÊ 20 ù7® (α, p)23
ùÇ±
24 áQÊ (γ, α)20
ù7®
24 á5Ê (α, γ)28
âNµ 24 áQÊ (α, p)27
àÇ¶
28 âµ (γ, α)24
á5Ê
28 âNµ (α, γ)32
â 28 âNµ (α, p)31

32 â (γ, α)28
âNµ
32 â (α, γ)36
àÇ° 32 â (α, p)35
­¨¶
36 àÄ° (γ, α)32
â
36 àÇ° (α, γ)40
­± 36 àÇ° (α, p)39 
40 ­± (γ, α)36
àÄ°
40 ­± (α, γ)44
øåµ 40 ­± (α, p)43
âÆ
44 øåµ (γ, α)40
­±
44 øåµ (α, γ)48
­¨° 44 øµ (α, p)47
ã
48 ­¨° (γ, α)44
øåµ
48 ­¨° (α, γ)52
÷O® 48 ­¨° (α, p)51
áQ¿
52 ÷O® (γ, α)48
­¨°
52 ÷T® (α, γ)56
ùÄµ 52 ÷O® (α, p)55
­¨¾
56 ù7µ (γ, α)52
÷T®

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ùÄ¾D¯¡®¯¡ºO±¯<¯¡ºO®åµ·ØﬂÃT¶·µ·Æ´µæ¯µ·¿TÆ´¶8ÁT½²µ·¾.¿ﬂ¾.ÙF°È®±,Æ×¯¡µ8¾.¿ﬂ°²±¯¡®´½(ÁT½²®´¸ÉºO®´°È®µ·½³®´°CÔÉ½²µ·Øﬂµ·¶8±,°¯¡¾Ç¯»ºT®ØÉ®×¯¡ºO¾¸
ÁO½²®´¸¢µ·¿Qí7µ[\¢®×¯Ä±,¶Î3ìËþ.þyxó±,¿O¸¢øåµ8ØÉØÉ®½®×¯Ä±,¶Î3ì§ð,ñ.ññó×Î
øåºT®7°È®Ö±,Æ×¯¡µ·¾.¿O½(°¡±¯¡®´½¨±,°È®å¯»±,ä.®¿AÙ°È¾.Øﬃ¯»ºT®Äù7à7­åö7ýÆ´¾.ØﬂÃTµ·¶8±¯»µ·¾.¿5ì?àÄ¿OÊ.ÁT¶·¾®Ü¯¨±.¶ÎOËÖþ.þ.þóMÙ¾°
¯»ºT®Û®Ö±,°È¶æÔ"½¯»±,Ê.®´½7±,¿T¸¢Ù°È¾.Ø_¯¡ºO®¹ù7àÄ­ö7ý^Ý®´ÅO½Èµü¯¡®Éìº¯È¯¡Ã^²DÃT¿¯¡ÃTØëÎ ÁT¶·Å:Î ±,Æ.Î Å0®1D¿O±,Æ°È®.Î º¯»ØAóÙ¾°
¯»ºT®}±,¸³.±,¿OÆ´®´¸¢½¯»±,Ê®´½Î
ù7¾D¯¡®ﬂ¯¡ºO±D¯¯¡ºT®A¿O®×¯çÝ¾.°²äﬀÙ¾.°¹¯¡ºT®±,¸N³.±.¿TÆ´®´¸½C¯×±,Ê.®´½µ·½½²Øﬂ±.¶·¶±¯¯¡ºT®AÃO°È®´½²®´¿¯¯»µ·ØÉ®.Îëê§¯	µ·½
¿O®×³®´°¯¡ºT®´¶·®½È½}³®´°CÔµ·¿O½¯¡°ÈÁTÆÜ¯¡µæ³®É¯¡¾Q¸T¾¢¯¡ºO®AÆ±,¶·Æ´ÁT¶8±D¯¡µ·¾.¿T½}Ý7µæ¯»º±ë½²Øﬂ±,¶·¶(¿O®×¯çÝ¾.°Èä$Å0®´Æ±.ÁT½²®è¯»ºT®
ÆÖ±,¶·Æ´ÁT¶8±D¯¡µ·¾.¿T½ﬂ±,°È®A³®´°CÔ^Ù±,½¯ﬂ±,¿O¸^µæ¯ﬂ½C¯»µ·¶·¶¨ÃO°È¾³µ·¸O®´½¯¡ºT®"Æ´¾.°È°²®´Æ×¯É®¿T®´°ÈÊ,ÔÃT°²¾¸TÁOÆ×¯¡µ·¾.¿!±,¿T¸¯»ºT®
®Ü³¾.¶·ÁN¯»µ·¾.¿Q¾Ù¯¡ºO®Øﬂ±,µ·¿5®´¶·®´Øﬂ®´¿¯¡½Îåê§¯Ûµ·½¯¡ºO®´°È®´Ù¾.°²®¹³®´°CÔQÁT½²®´ÙÁO¶*¯¡¾AÁO½È®½ÈÁOÆ»º5±A½ÈØA±,¶·¶3¿O®×¯çÝ¾.°²ä
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ø±,ÅT¶·®

Î ð	â±,Øﬂ®A±,½}ø±.ÅT¶·®

Î·ËAÙ¾.°Û¯¡ºO®¢ËÖð
M
Øﬂ¾¸T®´¶·½Î øåºT®ﬂ¿O¾.¿õ°È¾,¯»±¯¡µ·¿OÊëØÉ¾¸O®´¶<½C¯×±,°C¯¡½
ùÄ®»õÅTÁO°È¿Tµ·¿OÊQ¾,û&õÆ´®´¿¯»°È®±,¿T¸¯¡ºO®AÅOÁT°È¿Oµ·¿TÊQ¿O®×³®´°°È®±.Æ»ºT®´½¯¡ºT® Æ´®´¿¯»°È®.ÎëøºT® ÁT¿ÅOÁT°È¿¯èù7®×õÓ
Æ¾.°È®.ÕTµ8½Ê.µæ³®´¿ëÅÔ
MNe−O
Î
êç¿Oµæ¯¡µ8±,¶:ØÉ¾¸O®´¶*ÃT°²¾.Ã0®°C¯¡µ·®´½
MZAMS
Ëð ËÖð
υZAMS
ñ Ì.ñ.ñ
ï:µ·Ù®Ü¯¡µ·ØÉ®}¾.ÙÅTÁT°²¿Tµ·¿TÊÉ½¯»±,Ê®´½
τH
Ë.Î Í.ß¢ìw¥.ó ðNÎ ñËAì¥.ó
τHe
ðNÎ ñ:x¢ì§ßó Ë.Î Írxëìßó
τC
ßÎ

¥"ì§Ìó ßÎ ñ.þëìÌó
τNe
s Ë.Î·ËÌ:x
τO
s

Î Ì

ß
ý<¿T¸ë¾.ÙÆÖ±,¶·Æ´ÁT¶8±D¯¡µ·¾.¿
Mtotal
Ë.Ë.Î Í.ð

ËñÎ·Ëþþ
M75α
ÌÎ·Ë

Ë ÌÎÈx:¥:¥
M intCO
Ë.ÎÈx.ñ.Ì ðNÎ ð.Íyx
M01CO
Ë.Î}¥.ð,Ì ðNÎ ñ:¥:¥
M50Si
ñÎÈx.ñÍ Ë.Î Ì

ñ
MNe−O
ñÎ ñ.þ.ß s
øåºT®"­åÓoÆ´¾.°È®´½¯»ºÁT½	¾.ÅN¯»±,µ·¿O®´¸^±,°²® Ê.µæ³®´¿µ·¿ø±,ÅT¶·®´½Ë±,¿O¸Iðì?½²ÁTÃF®´°È½²Æ´°Èµ·Ã¯èñËó×ÎQøåºO®´½²®
¶·µ·Øﬂµæ¯¡½±.°È®Ä½²ÁOµæ¯»±,ÅT¶·®ÇÙ¾.°¨ØÉ¾.½¯åØﬂ±,½²½²®´½Ûì?½²®´®Û÷µ·ÊTÎ

Î·ËÖÍ.ó×Î<íÄ¾Ý®×³®´°´ÕÙ¾.°(³®´°CÔ Øﬂ±.½È½²µæ³®Ç½¯»±,°È½¹ì?½²®´®
÷µ·ÊTÎ

Î·ËÌóÜÕK½²ºT®¶·¶í7®×õÅTÁT°²¿Tµ·¿TÊ ¯¡°²±,¿O½ÈÙ¾.°ÈØÉ½ÛØﬂ¾.½¯¹ºT®´¶·µ·ÁOØvµ·¿¯¡¾ÆÖ±,°ÈÅ0¾¿ﬀ±,¿T¸ﬀ¾I\ÔÊ.®¿ﬀ±,¿O¸G¾¿T®
Æ¾.ÁT¶·¸Q±,¶·½²¾ﬂÆ´¾.¿O½Èµ·¸O®´°¯¡ºO±¯
MCO
µ·¿OÆ´¶·ÁT¸O®´½¯»ºT®ÇÝÄºT¾.¶·®}½¯»±,°´Î(êç¿"¯¡ºO±D¯7Æ±,½²®ÛÝ®}½²ÁTÊÊ.®´½¯Ä±.¿T¾D¯¡ºO®´°
¸O®O¿Oµæ¯¡µ·¾.¿¾.Ù
MCO
ÕÝÄºTµ·Æ»º¹Ý®<¿&±,ØÉ®
M intCO
ÕD¸T®O¿T®¸}ÅÔ
M intCO = M
01
CO+
∫M01α
M01CO
XCO dm
ÕÖÝ7ºT®°È®
XCO
µ·½Ç¯»ºT®É½²ÁTØi¾Ù 12 ­©±.¿T¸ 16 Ó_Øﬂ±.½È½}Ù°¡±,Æ×¯¡µ·¾.¿O½´ÎÉøºTµ·½}¸T®&¿Tµæ¯¡µ·¾.¿Ê.µæ³®´½±,¿$µ·¿¯¡®´°ÈØﬂ®´¸Tµ8±¯»®
³±,¶·ÁT®}Å0®×¯CÝ®´®´¿
M01CO
±,¿T¸¯»ºT®Ç¯¡¾,¯»±,¶:±,ÆÜ¯¡ÁO±,¶:Øﬂ±,½²½¾.Ù3¯¡ºT®}½C¯×±,°´Î
¬
ë«Iëê
×ÛkÜCÝrÙ<ÞCß	Üáà	âNãÚäSàåÞCÞÛ0§è­×ä£æçyèéã*Ü/èëê
øåºT®¢Øﬂ¾¸T®¶·½ÉÆ±,¶·ÆÁT¶8±¯¡®¸!µ·¿^¯¡ºO®"ÃO°È®´½²®´¿¯ÉÝ¾.°Èä^Ù¾.¶·¶·¾ÝJ¯¡ºT®¢½¡±,ØÉ®¯»°²±,Æ»ä½A±,½è¯¡ºT®¢ØÉ¾N¸T®´¶·½
Ù°È¾.ØWá5®×Ô¿O®×¯Ûîá5±.®´¸T®´°ì ð,ñ.ñ.Ìó×ÎåøåºOµ·½7µ·½Ä®]\TÃ0®´ÆÜ¯¡®´¸Q½²µ·¿TÆ´®}¯¡ºT®¾.¿O¶æÔë¸TµüûK®´°È®´¿OÆ´®Å0®×¯çÝå®´®´¿¢¯»ºT®
¯CÝ¾½È®Ü¯¡½A¾.ÙÛØﬂ¾¸O®´¶·½Aµ·½ﬂ¯¡ºT®Qµ·¿TÆ¶·ÁT½²µ·¾.¿1¾.ÙÛ¸NÔT¿O±,Øﬂµ·Æ±,¶7½²ºT®±,°Aµ·¿!¯»ºT®ëÃO°È®´½²®´¿¯Øﬂ¾¸T®¶·½´ÎªíÄ®´°È®
Ýå®Æ´¾.¿TÆ®´¿¯¡°²±D¯¡®¾.¿¯»ºT®¢ð,ñ
M
ØÉ¾¸O®´¶·½Î$÷O¾.°¯¡º&±¯ÉÃTÁO°ÈÃ0¾.½²®.ÕÝ®¢±,¶·½²¾GÆ±,¶·Æ´ÁO¶8±¯¡®´¸úð,ñ
M
Øﬂ¾¸T®¶·½ÉÝÄµæ¯¡º1µ8¿Tµæ¯¡µ8±,¶Ä°È¾D¯»±¯»µ·¾.¿!³®¶·¾Æ´µæ¯¡µ·®½ ¾.ÙèËÖñ.ñ±,¿O¸>ð,ñ.ñäØ!½ −1 ì§í7µ·°È½²Æ»ºTµÄ®×¯"±,¶Î¨ð,ññ.Ì,Å&óÜÎ
øºT®É¯»°²±,Æ»ä½	¾.Ù¯¡ºO®ð,ñ
M
ØÉ¾N¸T®´¶·½	±,°²®AÃT°²®´½²®´¿¯¡®´¸µ·¿÷µ·Ê.½Î

Î·Ë.Õ

Î ðQ±,¿O¸

Î ÌÎQ÷µ·Ê.ÁO°È®

Î·Ë
½²ºO¾Ý7½ﬂ¯¡ºT®5®×³¾.¶·ÁN¯»µ·¾.¿O±,°ÔI¯¡°²±.Æ»ä½ ¾.ÙÄ¯¡ºO®QÙ¾.ÁO°A¸TµüûF®´°²®´¿¯¢ð,ñ
M
½¯»±,°È½ µ·¿!¯¡ºO®5íÄö¨õ¸Oµ8±,Ê.°²±,ØëÎ
øºT®¢¿T¾.¿õN°È¾D¯»±¯»µ·¿TÊﬀØﬂ¾¸O®´¶®´¿O¸T½ÉÁTÃú±,½ﬂ±ﬀ°È®´¸!½ÈÁOÃ0®´°²Ê.µ8±,¿¯5ìöÄâTÚ}ó¶8µ·ä.®¯¡ºT®¢ØÉ¾¸O®´¶¾.ÙÄ¾D¯¡ºO®´°
Ê°È¾.ÁTÃO½	ì?½²®´®	í7®´Ê.®°Äîzï3±,¿TÊ®´°Çð.ñ.ñ.ñòFï:µ·ØÉ¾.¿OÊ.µ®×¯Û±.¶ÎFð.ñ.ñ.ñó×ÎÄí7¾Ý®Ü³®´°´Õ&¯¡ºT®°È¾D¯×±¯¡µ·¿TÊ ØÉ¾N¸T®´¶·½
½²ºO¾ÝJ³®´°CÔ!µ·¿¯»®´°È®´½¯¡µ·¿OÊÙ®±¯¡ÁO°È®´½Î1àÄ¶æ¯¡ºO¾.ÁTÊ.ºI¯¡ºO®$ËÖñ.ñäØú½ −1 ØÉ¾N¸T®´¶°È®´Øﬂ±.µ·¿T½ ±$öÄâOÚèÕ¯»ºT®
ð.ñ.ñäØú½ −1 Øﬂ¾¸T®´¶ÁT¿T¸O®´°ÈÊ.¾N®´½	±ëÅO¶·ÁT®A¶8¾¾.Ã¯¡¾ª&¿Tµ·½²º±,½è±"Ô®´¶·¶8¾Ýõ°È®´¸^½²ÁTÃ0®°ÈÊ.µ8±,¿¯Ý7ºT®´°²®±,½
Íð
^ÎÏÐbdc
¦Ò3
_ Óc
~
Ï(b

_
~
Ï
A
cb2Ï
~~Q
^

b1§
÷µ·Ê.ÁO°È®

Î·Ëy¹íÄö¨õ¸Oµ8±,Ê.°²±,ØiÙ¾°}ð,ñ
M
Øﬂ¾¸T®´¶·½IÛ½²¾.¶·µ·¸*Õ3¸O±,½²ºT®´¸:Õ*¸O¾D¯È¯¡®¸s ¸&±,½²ºT®´¸$±,¿O¸ﬀ¸O¾D¯È¯¡®´¸
¶·µ·¿O®´½Æ´¾.°È°È®½ÈÃF¾.¿T¸¢°²®´½²Ã0®´ÆÜ¯¡µæ³®´¶æÔ¯¡¾
vini Î
ñÕ*ËÖñ.ñÕ0ð,ñ.ñÉ±,¿O¸ëÌ.ñ.ñÉäØ!½ −1 Îô®}±,¶·½²¾Éµ8¿T¸Tµ·ÆÖ±¯¡®Ç¯¡ºO®
ÃF¾.½²µæ¯¡µ·¾.¿ë¾.Ù:¯¡ºO®¹ÃT°²¾.Ê.®´¿Oµæ¯¡¾.°å¾.ÙMâùËþ.þ.Ì:TÎ
÷µ·Ê.ÁO°È®

Î ð¹Ì
k
íÇö©¸Oµ8±,Ê.°²±,ØvÝ7µæ¯¡º$Æ´®´¿¯¡°²±,¶MºT®´¶·µ·ÁOØuØA±,½È½¹Ù°²±,Æ×¯¡µ·¾¿$±,½Ç¯¡ºO®¯¡ºOµ·°È¸ﬀ¸Tµ8ØÉ®´¿O½Èµ·¾.¿
Ù¾.°¿T¾.¿Nõ°È¾D¯×±¯¡µ·¿TÊA±,¿T¸ë°È¾D¯»±¯»µ·¿TÊ ð,ñ
M
ØÉ¾N¸T®´¶·½Î
Í,Ì
î:É°Ê:É 
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÷µ·Ê.ÁO°È®

Î Ì`
Teff
³½"Æ®´¿¯¡°²±.¶ÛºT®´¶·µ·ÁOØnØﬂ±,½²½¢Ù°²±,Æ×¯»µ·¾.¿ Ù¾.°ëð,ñ
M
ØÉ¾N¸T®´¶·½I½²¾.¶·µ·¸:ÕÄ¸O±,½²ºO®´¸*Õ
¸O¾D¯È¯¡®¸s ¸&±,½²ºT®´¸!±,¿O¸I¸O¾D¯È¯¡®´¸!¶·µ·¿T®½ÉÆ´¾.°È°È®½ÈÃF¾.¿T¸!°È®´½²Ã0®Æ×¯¡µæ³®´¶æÔ¯¡¾
vini Î
ñÕÄËñ.ñÕ¨ð.ñ.ñﬀ±,¿O¸!Ìñ.ñ
äNØ!½ −1 Î
¯»ºT®ÉÌ.ññäØú½ −1 Øﬂ¾¸T®¶®´¿T¸O½¹ÁTÃ$±.½}±ÅO¶·ÁT®è½²ÁOÃ0®´°ÈÊµ8±,¿¯AìmâOÚ}ó×Î*øåºÁT½¹°²¾D¯»±¯¡µ·¾.¿Øﬂ±´ÔﬀºO±´³®ﬂ±
½¯¡°²¾.¿TÊ µ·ØÉÃO±.Æ×¯Ç¾.¿ë¯¡ºO®¿&±¯¡ÁT°²®¾.Ù¯¡ºT®½ÈÁOÃ0®´°²¿T¾³.±AÃT°È¾.Ê.®¿Tµæ¯¡¾.°	ì?°²®´¸*Õ0ÅT¶·ÁO®½²ÁTÃF®´°ÈÊ.µ8±.¿¯Ç¾.°Ä®×³®´¿
ô¾.¶·Ù·õNö7±´Ô®Ü¯¨½¯»±.°¡ó<±,¿O¸É¯¡ºÁO½(¾¿A½²¾.ØÉ®Ä¾.ÅT½²®´°C³®¸AÆ»ºO±.°²±,Æ×¯¡®°Èµ·½¯¡µ·Æ´½¾.ÙF¯¡ºO®½²ÁOÃ0®´°²¿T¾³.±}®\ÃT¶·¾.½²µ·¾.¿:Î
÷O¾.°Éµ·¿T½¯»±.¿TÆ´®¯¡ºT®"½²ºO¾Æ»äÝå±´³®¯¡°²±´³®´¶¨¯¡µ·Øﬂ® ¯»ºT°È¾.ÁOÊ.º¯»ºT®"®¿³®´¶·¾.ÃF®"µ8½ÉÃT°È¾.ÃF¾.°C¯»µ·¾.¿O±,¶¨¯¡¾5¯»ºT®
°¡±,¸Tµ·ÁO½¨¾.ÙF¯»ºT®Ä½¯»±,°Î<âNµ·¿OÆ´®ÇöÄâOÚg°²±,¸Oµ·µF±,°²®Ç±,ÅF¾.ÁN¯åºÁT¿O¸T°È®¸ﬂ¯¡µ·Øﬂ®´½¬måâTÚg¾¿T®´½Õ¯¡ºTµ·½¯¡°²±´³®´¶&¯¡µ·Øﬂ®
ØA±´Ôè¸OµüûF®´°<ÅÔ	¯çÝ¾}¾.°È¸T®°È½<¾.ÙFØﬂ±,Ê.¿Oµæ¯¡ÁT¸O®å¸T®Ã0®´¿O¸Tµ·¿TÊ¹¾.¿è¯¡ºO®åµ·¿Tµæ¯»µ8±,¶O°È¾D¯»±¯»µ·¾.¿O±,¶³®´¶·¾NÆ´µæ¯çÔÎMù7¾D¯»®
¯»ºO±¯°È¾D¯»±D¯¡µ·¾.¿	±,¶·½²¾7Æ×ºO±,¿TÊ®´½:¯¡ºO®(½²ÁT°ÈÙ?±,Æ´®¨±,ÅTÁT¿O¸O±,¿OÆ´®´½µ·¿}¯¡ºT®Øﬂ±,½²½°²±.¿TÊ.® ∼ ð,ñõNÌ.ñ M Îêç¿T¸T®®´¸
¿O¾.¿õ°²¾D¯»±¯¡µ·¿OÊëØﬂ¾¸T®¶·½ºO±´³®AÁT¿OÆ»ºO±,¿OÊ.®´¸½²ÁO°ÈÙ±,Æ´® ±,ÅTÁO¿T¸&±,¿TÆ´®´½ ì?µ·¿Oµæ¯¡µ8±,¶(¾.¿T®½¡óÇÝ7ºOµ·¶·®ﬂ°²¾D¯»±¯¡µ·¿OÊ
Øﬂ¾¸T®¶·½å½²ºO¾ÝíõÅTÁO°È¿Tµ·¿OÊÉÃT°È¾N¸TÁTÆ×¯»½±¯¯¡ºO®´µ·°å½²ÁT°ÈÙ?±,Æ´®ﬂì½È®®}÷µ·Ê.½Î

Î·ËÖÍÕ&ÍNÎ

±,¿O¸QÍNÎ Í.óÜÎ
ô ºT®¿ﬀ¸O¾®´½Ç¯¡ºO®è½¯»±,°¹®×³¾¶æ³®ÉÅO±,Æ»äë¯¡¾¯¡ºT®ÉÅT¶·ÁO®É±,Ù8¯»®´°}±"öÄâTÚ_ÃOºO±,½²®ﬂ±,¿T¸GÝ7ºÔ=ïª÷µ·Ê.ÁO°È®

Î ðﬂµ·½Û±Ì
k
ÃO¶·¾D¯Û¾Ù¯¡ºT®èíÄö¨õ¸Oµ8±,Ê.°²±,Ø ì?µ·¿Q¯¡ºO®ÃT¶8±,¿O®ÖóÄ±,¿T¸Q¯¡ºT®	®]\¯¡°²± ¸Tµ·Øﬂ®´¿T½²µ·¾.¿G°È®´ÃT°²®´½²®´¿¯¡½
¯»ºT®}Æ´®´¿¯»°²±,¶:ºT®´¶8µ·ÁTØJØA±,½²½Ù°²±.Æ×¯¡µ·¾.¿:Õ
Xc(
4He)
Î(øåºO®¹®\¯¡°²±É¸Oµ·ØÉ®´¿O½²µ·¾.¿Q±,¶·¶·¾Ý7½7ÁO½¯¡¾ﬂÙ¾.¶·¶·¾ÝíÕ
íÄ®7±,¿O¸ﬂÃF¾.½¯¨í7®×õÅTÁT°²¿Tµ·¿OÊ.½ÝÄµæ¯¡ºTµ·¿ ±¹½¡±,Øﬂ®7¸Tµ8±,Ê.°²±.Ø¢Îêç¿T¸O®´®´¸*Õ
Xc(
4He)
µ·¿OÆ´°È®±,½²®´½(¸OÁT°Èµ·¿OÊÛ¯¡ºO®
ØA±,µ·¿ﬂ½²®ÁT®¿TÆ´®.Õ.¯¡ºT®¿É¸T®Æ´°È®±,½²®´½<¸OÁT°Èµ8¿TÊ}íÄ®»õÅTÁO°È¿Tµ·¿OÊ}±,¿O¸7&¿O±,¶·¶æÔÉµ·½<®Á&±,¶¯¡¾f~®´°È¾}¸TÁT°²µ·¿TÊÇ¯»ºT®
ÃF¾.½¯Äí7®×õÅTÁO°È¿Tµ·¿OÊÉ®×³¾.¶·Á¯¡µ·¾.¿*Îô®}Æ±,¿¢½²®´®Û¯¡º&±¯p
• ÷O¾.°	¯¡ºT®¢¿T¾.¿Nõ°È¾D¯×±¯¡µ·¿TÊ$Øﬂ¾¸T®´¶Õ¨í7®»õNÅTÁT°²¿Tµ·¿TÊ$½¯»±,°C¯»½	Ý7ºT®¿^¯¡ºT®¢½C¯×±,°ÉÆ´°È¾.½²½²®´½	¯»ºT®ëíÄö¨õ
¸Tµé±,Ê.°²±,Ø ìï:¾.Ê
Teff ∼ 4
ó±,¿O¸"¯¡ºO®}½¯»±,°7¾.¿T¶æÔë°È®Ö±,Æ»ºT®´½¯¡ºT®öÄâTÚﬃ½¯»±,Ê®}º&±,¶·Ù8Ýå±´Ô"¯¡ºO°È¾.ÁTÊº
í7®×õÅTÁO°È¿Tµ·¿OÊTÎ<÷µ·¿O±,¶·¶æÔÕN¯¡ºO®¹½¯»±,°å¶8ÁTØÉµ·¿O¾.½²µæ¯çÔ"°²µ·½²®´½¸TÁO°Èµ·¿TÊÉ½²ºO®´¶·¶:í7®×õÅTÁO°È¿Tµ·¿OÊTÎ
Í

^ÎÏÐbdc
¦Ò3
_ Óc
~
Ï(b

_
~
Ï
A
cb2Ï
~~Q
^

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• ÷O¾.°7¯¡ºT® υini = 300 äØú½ −1 Øﬂ¾¸O®´¶Õ0¯¡ºT®	½¯»±.°Çµ·½ÛØÉ¾.°²®	¶·ÁTØﬂµ·¿T¾.ÁO½Û±,¿O¸GÅF®´Æ´¾.ØÉ®½Û±"ö7âOÚ
Å0®Ù¾.°È®èí7®»õÅOÁT°È¿Oµ·¿TÊ µ·Ê¿Tµæ¯¡µ·¾.¿:ÎÇøåºO®´½²®}¯CÝ¾Ù±,Æ×¯»¾.°È½ÇÙ?±´³¾.ÁT°ÇºOµ·Ê.ºT®´°ÇØﬂ±,½²½Ç¶8¾.½È½Û°²±¯»®´½Û±,¿T¸
¯¡ºT®½¯»±,°Ä¶·¾.½²®´½ÇØÉ¾.½¯Û¾.ÙMµæ¯¡½ÇºÔ¸O°È¾.Ê.®´¿5®´¿³®¶·¾.Ã0®ÅF®´Ù¾.°²®í7®×õÅTÁT°²¿Tµ·¿OÊAµ·½j&¿Tµ·½²ºT®´¸:ÎøåºNÁT½
¯¡ºT®}½¯»±,°®Ü³¾.¶æ³®´½å¯¡¾ÖÝå±,°È¸T½å¯»ºT®~´¾.¿T®}¾Ù3¯¡ºT®íÄög¸Tµ8±,Ê°²±,ØÝ7ºO®´°È®}ºO¾.ØÉ¾.Ê.®¿T®´¾.ÁO½ºO®´¶·µ·ÁTØ
½¯»±,°È½±,°²®ÄÙ¾.ÁT¿O¸*ÕæM¼âwMµ·¿A¯¡ºT®ÄÅO¶·ÁT®ÄÃ&±,°C¯¾.ÙK¯¡ºT®ÇíÇö¸Oµ8±,Ê.°²±,ØëÎô®ÄÆ±,¿½È®®¯¡º&±¯¯¡ºT®Ä½¯»±.°
¯¡°²±,Æ×ä ½¯¡µ·¶·¶:®×³¾.¶æ³®½¸TÁO°Èµ·¿TÊﬂ½ÈºO®´¶·¶:íÄ®»õÅTÁO°È¿Tµ·¿OÊTÎ
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CNO in the Universe
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Stellar yields in CNO from rotating stellar models
G. Meynet, A. Maeder and R. Hirschi
Geneva Observatory, CH–1290 Sauverny Switzerland
Abstract. For 12C and 16O, rotating models predict in general en-
hanced yields. At high metallicity, the carbon and oxygen yields from the
very high mass stars, which go through a WR phase, are little affected by
rotation. For 14N, rotation allows the production of important amounts
of primary nitrogen in intermediate mass stars at very low metallicity.
The process invoked for this production is different, from the classically
accepted scenario i.e. the Hot Bottom Burning (HBB) in Asymptotic
Giant Branch (AGB) stars. Rotating models also predict important pro-
ductions of primary 13C, 17O and 22Ne at very low metallicity.
Rotation affects all the outputs of the stellar models (Heger & Langer 2000;
Maeder & Meynet 2000a) and in particular the stellar yields. We shall not detail
here the physical mechanisms driven by rotation. These are described in many
other papers to which the reader may refer (Zahn 1992; Maeder & Zahn 1998;
Heger & Langer 2000; Maeder & Meynet 2000a). We want to illustrate here,
by a few numerical examples, how the effects of rotation on mixing and mass
loss may affect the quantities of new CNO elements synthesized and ejected into
the interstellar medium. For this we shall use recent grids of stellar models
computed for three different metallicities: Z = 0.00001 (Meynet & Maeder
2002b), Z = 0.004 (Maeder & Meynet 2001) and Z = 0.020 (Meynet & Maeder
in preparation). All these models were computed with the nuclear reaction
rates of the NACRE compilation (Angulo et al. 1999; see also the review by M.
Arnould in this volume).
1. Rotation and the CO–core masses
In Fig. 1, the variations of the CO–core masses as a function of the initial mass
are indicated for various initial metallicities and for rotating and non–rotating
stellar models. In stars with initial masses below 30–40 M, both at low and
high metallicity, the CO cores are enhanced by rotation. As an example, at solar
metallicity a rotating 20 M stellar model with vini = 300 km s
−1 has a CO–core
mass equal to that of a non–rotating 26 M stellar model. Thus one expects
that rotating models will inject more carbon and oxygen than their non–rotating
counterparts.
The increase of the CO–cores due to rotation is less marked at low metallic-
ity. Paradoxically this is a consequence of the more efficient rotational mixing at
low Z (Meynet & Maeder 2002b). Indeed the more efficient mixing continuously
replenishes in hydrogen the H–burning shell. As a consequence the H–burning
1
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Figure 1. Left panel: variation as a function of the initial mass of
the mass of the carbon–oxygen (CO) cores obtained at the end of the
C–burning phase. The CO–core is defined as the region interior to
the shell where the mass fraction of carbon plus oxygen is superior to
0.75. The models are those of Meynet and Maeder (2002b). Right
panel: Same as the left panel for solar metallicity models (models from
Meynet & Maeder, in preparation).
shell progresses less rapidly outwards and thus prevents the He–core mass and
therefore the CO–core mass to increase as much as at higher metallicity.
For stars above 30–40 M, at solar metallicity, the CO–cores in rotating
models are smaller than in non–rotating ones. Due to rotational mixing, these
models enter into the Wolf–Rayet phase at an earlier stage of their evolution.
During the Wolf–Rayet phase, which lasts longer in rotating models, the stars
loose mass at a higher rate, producing smaller final masses. As we shall see
below, the CNO yields for these high mass stars are little affected by rotation.
2. Rotation and mass loss by stellar winds
In the framework of the radiative driven wind theory, it is possible to obtain
an expression for the ratio of the mass loss rates from a rotating and a non–
rotating star lying at the same position in the HR diagram (Maeder & Meynet
2000b). Typically for a 20 M star model at the end of the MS phase, the
enhancement factor due to rotation is at most 1.67 at break–up while for a 60
M stellar model, in the same conditions, the factor amounts to 3.78. Rotation
does not only increase the quantities of mass lost by stellar winds but also
induces anisotropies in the winds. Typically, polar winds are expected for fast
rotating hot stars, which, as a consequence, will loose small amounts of angular
momentum and thus reach more easily the break–up limit (Maeder 2002). Other
effects induced by rotation may change the quantity of mass lost by stellar winds:
the increase of the MS lifetimes, the bluer evolutionary tracks, the easier Wolf–
Rayet star formation.
Fig. 2 shows the final masses obtained for different initial masses, velocities
and metallicities. At low metallicity, for stars with initial masses below 40 M
Æ- !.
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Figure 2. Left panel: Relations between the final mass versus the
initial mass at Z = 0.00001. The cases with and without rotation are
indicated. The dotted line with slope one would correspond to the
case without mass loss. Right panel: Same as the left panel for models
at Z = 0.020, the relation obtained from the models of Schaller et al
(1992) is also shown.
and with υini= 300 km s
−1, rotating and non–rotating stellar models end with
final masses close to their initial values. Only in the case of the 60 M there
is a significant difference. One expects that the difference will increase when
the mass increases and/or when the initial velocity increases. Concerning this
last point it is worthwhile to recall here that there are some indications that the
relative number of fast rotators increases when the metallicity decreases (Maeder
et al. 1999). This fact, together with the effect of rotation on both mixing and
mass loss, may have interesting consequences for the nucleosynthesis expected
from the first stellar generations in the Universe.
At solar metallicity, mass loss has an important impact on the values of the
final masses. All stars with initial masses above 40 M end with final masses
between 10–15 M. In general, as expected, rotating models produce smaller
final masses. One notes also that the new mass loss rates used in the recent
computations are smaller than those used in the stellar grids of Schaller et al.
(1992). This has some impact on the carbon yields from the most massive stars
as we shall see in Sect. 4.
3. Effects of rotation on the carbon and oxygen yields
Stellar yields at the metallicities Z = 0.00001 and 0.004, for 4He, 12C, 14N
and 16O from rotating and non–rotating models, in the mass range between 2
and 60 M, are discussed in Meynet & Maeder (2002b). Let us recall here the
main results. Figure 3 shows the yields in 12C for non–rotating and rotating
stellar models (vini = 300 km s
−1) for two metallicities and for mass ranges
between 2 and 120 M. For the metallicities considered here, the effects of
Æ- cÃ
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Figure 3. Left panel: Yields of 12C for different initial mass stellar
models: black triangles, non–rotating stellar models at Z = 0.00001;
black circles, rotating stellar models at Z = 0.00001; empty squares,
non–rotating stellar models at Z = 0.001 from Maeder (1992);Right
panel: Same as the left panel for the metallicity Z = 0.004.
the stellar winds are small. We see that the yields in carbon are generally
enhanced in the rotating models. The enhancement factors are equal to 1.3 and
2.4 for the 20 M models at Z = 10
−5 and 0.004 respectively. Larger carbon
yields in rotating models are a consequence of the greater CO–core masses in
rotating models (see Sect. 1 above). Interestingly, the yields from the rotating
models are not very different from those computed by Maeder (1992) for Z =
0.001 computed without rotation but with a moderate overshooting, while the
rotating models were computed without overshooting. Rotation, by enlarging
the CO core masses, acts in this respect as an overshoot.
Figure 4 shows the yields in 16O. As for carbon, the yields in oxygen are
enhanced by rotation. For the 20 M, the enhancement factor is 1.8 at Z =
10−5 and 1.6 at Z = 0.004. Again the yields from rotating models (without
overshooting) are very similar to those obtained by Maeder (1992).
At solar metallicity, the main difference with respect to the situation found
at low metallicity essentially concerns the high mass star range (stars with initial
masses above about 40 M). For this mass range, mass loss by stellar winds
becomes the dominant effect. As a consequence the yields in carbon and oxygen
in these stars are much less affected by rotation. As a numerical example, the
yields in carbon and oxygen of a 60 M star model differ by less than 11%
between the rotating and the non–rotating cases.
It was proposed by Maeder (1992) that massive stars (going through a WC
phase) may be important contributors of carbon at high metallicity, an idea
further sustained by various chemical evolution models (Prantzos et al. 1994;
Carigi 2000; Gustafsson et al. 1999). Since the mass loss rates have been reduced
since the work of Maeder (1992), the present yields of carbon from WC stars
are smaller, and those of oxygen greater. However these stars remain important
sources of carbon at solar and higher metallicities.
Æ2Ï`É
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Figure 4. Left panel: Yields of 16O for different initial mass stellar
models: black triangles, non–rotating stellar models at Z = 0.00001;
black circles, rotating stellar models at Z = 0.00001; empty squares,
non–rotating stellar models at Z = 0.001 from Maeder (1992). Right
panel: Same as the left panel for the metallicity Z = 0.004.
4. Effects of rotation on the nitrogen yields
Nitrogen is produced by transformation of carbon and oxygen through CNO cy-
cle in H–burning zones. Nitrogen is said to have a primary origin when the car-
bon (oxygen) used for its synthesis is produced by the star itself. The secondary
channel corresponds to the case when the carbon transformed into nitrogen is
the one initially present in the star. When nitrogen is primary, its abundance in
the interstellar medium evolves in lockstep with other primary elements like, for
instance, oxygen. In that case, the N/O ratio remains constant when the metal-
licity increases. When nitrogen is mainly produced by the secondary channel,
the N/O ratio is expected to increase steeply with the increasing metallicity.
If, at low metallicity, observations clearly require some source of primary
nitrogen, the identification of these sources (massive or intermediate mass stars)
remains controversial. Interestingly, there are some observational features which
may give some hints: let us suppose that we observe starbursts in galaxies. If
primary nitrogen is produced by massive stars, one expects to observe a very
small scatter of the N/O ratios in starbursts of different ages, since both nitrogen
and oxygen are released at the same time 1. In case primary nitrogen is released
by intermediate mass stars, there will be some time delay between the oxygen
and the nitrogen release. Thus there is some chance to observe systems which
have already been enriched in oxygen by the massive stars but which are in
1However the observation of a small scatter of the N/O ratios at low metallicity does not
necessarily imply that primary nitrogen is produced by massive stars. Indeed the systems may
be sufficiently old for having allowed intermediate mass stars to have released their primary
nitrogen. In that case, low star formation must be invoked in order to explain the observed
low metallicity.
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Figure 5. Left panel: Chemical composition inside a rotating 3 M
star model at the beginning of the TP-AGB phase. Right panel: Yields
of 14N normalized to the initial metal content for different initial mass
stellar models at various metallicities. Black circles are for models with
rotation, black squares are for non–rotating models, the continuous
lines show the models at Z = 10−5, the dotted lines, those at Z =
0.004 and the dashed lines, those at Z = 0.020.
Figure 6. Left panel: Simplified model for the galactic evolution of
the N/O ratio as a function of the O/H ratio (in number). The dashed
and continuous lines show the results deduced from the non–rotating
and the rotating models respectively. The range of the initial masses
used for computing the integrated yields are indicated. The empty
symbols show the results when only stars more massive than 8 M are
considered. The initial velocity is indicated. The shaded area shows
the region where most of the observations of extragalactic HII regions
and stars are located (see e.g. Gustafsson et al 1999; Henry et al.
2000). Right panel: Same as left panel for the C/O ratio. The lifetimes
corresponding to these injections are shown in Fig. 7.
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the process of being enriched in primary nitrogen by intermediate mass stars.
One expects in that case some scatter in the observed values of the N/O ratios.
Recently, numerous Damped Lyman Alpha (DLA) systems have been observed
with values of the N/O ratios well below the plateau level. This strongly suggests
that intermediate mass stars are responsible for the primary nitrogen production.
What are the predictions of the theoretical stellar models ? In the classical
scenario primary nitrogen is produced during the thermal pulse phase of AGB
stars undergoing HBB (see van den Hoek and Groenewegen 1997; Marigo 2001).
The quantities of primary nitrogen produced and expelled depends on various
parameters as the mass loss along the AGB and the strength of the third dredge–
up. Recently, we have proposed a new scenario involving rotational diffusion:
carbon and oxygen produced in the He–core migrate by rotational diffusion in the
H–burning shell where they are transformed into primary nitrogen. In contrast
to the classical scenario, this process occurs in the whole mass range and is thus
not restricted to the intermediate mass range.
The left panel of Fig. 5 shows the chemical abundances as a function of
the lagrangian mass in a rotating 3 M star model at Z = 0.00001 at the
beginning of the Thermal Pulse–AGB phase. The most striking feature is the
very high 14N abundance obtained at the border of the He–core and in the
outer convective zone. Its abundance is more than 70 times the initial metal
content of the star ! The right panel shows the 14N stellar yields normalised
to the initial metal content obtained for different initial mass stars at various
metallicities. At very low metallicity, all rotating models produce quantities of
new 14N which are multiples of the initial metal content. However, for the initial
velocities considered here (vini = 300 km s
−1), the intermediate mass stars are
the main producers. For higher metallicities, the secondary channel for nitrogen
production is the dominant one.
Why the process of primary nitrogen production only works at low metal-
licity ? At low metallicity rotational mixing of chemical species is more efficient
due to the steeper gradients of angular velocity inside the stars. These steeper
gradients arise as a result of less efficient transport by meridional circulation of
the angular momentum in the outer shells (Meynet & Maeder 2002ab). In metal
poor stars, the H–burning shell is also nearer from the He–burning core. This
shortens the timescale for diffusion between these two zones.
Left panel of Fig. 6 shows the evolution of the N/O ratio as a function of the
O/H ratio in the framework of a very simple model for the chemical evolution
of galaxies (closed box model with instantaneous recycling). The hatched zones
in Fig. 6 represent regions where many observed points are found (see caption).
At low metallicity, only the rotating models involving the contribution of the
intermediate mass stars can reproduce the plateau level (at about Log (N/O) =
-1.7). Massive stars alone may contribute significantly only if they rotate much
faster than the typical rotational velocities found at solar metallicity. While
the evolution in the N/O versus O/H plane mainly depends on rotation, the
evolution in the C/O versus O/H plane is mainly sensitive to the mass range
of the stars contributing to the enrichments of the ISM. Thus, the combination
of the diagrams C/O vs O/H, more sensitive to the mass interval, and of the
diagram N/O vs. O/H, more sensitive to rotation, may be particularly powerful
to disentangle the two effects of rotation and mass interval, and to specify the
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Figure 7. Quantities of newly synthesized nitrogen (in solar masses)
injected into the interstellar medium by 100 000 stars born at time t = 0
with initial masses between 0.1 and 60 M. The stellar models have
an initial mass fraction of heavy elements equal to 0.00001 (1/2000 the
solar metallicity). The left panel shows the situation for non–rotating
stellar models, while the right panel shows the case for rotating stellar
models. Note that the vertical axis have different scales in the left and
right panel. No hot bottom burning process is accounted for. The
labels along the curves indicate when a star of a given initial mass
contributes.
properties of the star populations responsible for the early chemical evolution of
galaxies.
The DLAs present also new and interesting constraints on the source of
primary nitrogen at low metallicity. Recent discussions of this point may be
found in the paper of Pettini et al. (2002) as well as in the contributions by
Henry, Molaro in the present volume. As explained above, the numerous DLAs
observed with N/O ratios below the plateau level favour a primary nitrogen
production by intermediate mass stars. Secondly the time delay required to
explain the frequency of the systems with low N/O ratios points towards a
relative long time delay between the release of oxygen and that of nitrogen (of
about 700 Myr according to Pettini et al. 2002). This is well in agreement with
the predictions of the rotating models (see Fig. 7).
Finally some authors suggest that the N/O values of DLAs are distributed
mainly along two plateaux. One is at Log(N/O) ∼ -1.7, as shown on the left
panel of Fig. 6. A second plateau seems to be present at about 0.7 dex below
the first one (see the papers by Henry and Molaro in this volume). A possible
interpretation of the lower plateau is that it is produced by stars with initial
masses above 8 M (see Molaro in this volume). Interestingly, the present
massive fast rotating stellar models would be in agreement with this viewpoint.
As shown on the left panel of Fig. 6, the contribution of rotating stars with
masses superior to 8 M and vini = 400 km s
−1 predict a N/O value at Z =
10−5 about 0.7 dex below the high plateau value.
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5. Conclusion
We focused our discussion here on the main isotopes of carbon, oxygen and ni-
trogen. However rotation may also affect the other less abundant CNO isotopes.
In particular, 13C and to a lesser extent 17O may also be abundantly produced
in rotating models and have a primary production channel at low metallicity.
As an example, at Z = 0.00001, the amounts of 13C synthesized in rotating in-
termediate mass star models may be nearly 10 000 times the amount produced
in non–rotating models. Interestingly some primary 13C production seems to be
required by the observations (Prantzos et al. 1996). Important productions of
primary 22Ne are also predicted by the rotating models.
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Dynamical shear instability
Raphael Hirschi, Andre´ Maeder & Georges Meynet
Geneva Observatory, CH–1290 Sauverny, Switzerland
Abstract. The dynamical shear instability is an important mixing process in
the advanced stages of the evolution of massive stars. We calculated different
models of 15 M with an initial rotational velocity, υini = 300 km/s to in-
vestigate its efficiency. We found that the dynamical shear instability has a
timescale shorter than Oxygen burning timescale and that it slightly enlarges
the convective zones and smoothens the omega gradients throughout the evolu-
tion. However, its effect is too localized to slow down the core of the star.
1. Theory & computer model
The stability criterion for dynamical shear instability is the Richardson criterion:
Ri = N
2
(∂U/∂z)2 >
1
4 = Ric, where U is the horizontal velocity, z the vertical coor-
dinate and N 2 the Brunt-Va¨isa¨la¨ frequency. Using this criterion, the timescale
of the instability is the dynamical timescale and the instability is called dynam-
ical shear instability (Endal & Sofia 1978). If heat losses are accounted for in
Ri (Maeder 1997), the timescale is the thermal timescale and in that case the
instability is called secular shear instability. The critical value, Ric = 1/4, is
used by most authors as the limit for the occurrence of the dynamical shear.
However, recent studies (Canuto 2002; Bru¨ggen & Hillebrandt 2001) show that
turbulence may occur as long as Ri < ∼ 1.
Different formulae for the corresponding diffusion coefficient, D, are used
at the present time (Zahn 1992; Maeder 1997; Heger et al 2000; Bru¨ggen &
Hillebrandt 2001). The following dynamical shear diffusion coefficient suggested
by J.-P. Zahn is used in this study:
D =
1
3
vl =
1
3
v
l
l2 =
1
3
r
dΩ
d r
∆r2 =
1
3
r∆Ω ∆r (1)
where r is the mean radius of the zone where the instability occurs, ∆Ω is the
variation of Ω over the zone and ∆r is the extent of the zone. The zone is the
reunion of consecutive shells where Ri < Ric. This is valid if the Peclet number,
Pe > 1.
The computer model used is the Geneva evolutionary code. Modifications
(to be described in a future paper) have been made to study the advanced stages
1
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of the evolution of massive stars. The models are calculated for 3 stars of 15
M at Z with υini = 300 km/s. Convective stability is determined by the
Schwarzschild criterion. The overshooting parameter, dover/HP = 0.1 for H–
and He–burning and 0 afterwards. In the first model, the dynamical shear was
not included. Then one model was calculated with Ric = 1/4 and one with
Ric = 1. The calculations reached shell O–burning. Note that the computer
model includes secular shear and meridional circulation for any calculation.
2. Results & discussion
The characteristic timescale of the dynamical shear is very short (a fraction of a
year) throughout evolution when using equation (1). We obtain diffusion coeffi-
cients between 1012 and 1014 cm2/s. This is usually 1 or 2 orders of magnitude
larger than the dynamical shear diffusion coefficients of Bru¨ggen & Hillebrandt
(2001) or Heger et al (2000).
However, the extent of the unstable zone is very small, a few 10−3 M
so the shear mainly smoothens the sharp Ω–gradients but does not transport
angular momentum over long distances. The total angular momentum of our
models, at the beginning and at the end of the calculations are of the same order
of magnitude as the values obtained by Heger et al (2000) in their models E15
and E15B.
Although dynamical shear strengthens convection, especially the He–burning
convective shell, the structure and the convective zones are similar between
the model without dynamical shear and the one with dynamical shear and
Ric = 1/4. Concerning the Richardson criterion, we see that there is a dif-
ference during Ne–burning between the model using Ric = 1/4 and Ric = 1.
Indeed, using the latter, there is another large C–burning convective shell while
the central convective core is smaller. One could argue that our diffusion coeffi-
cient is too high but we obtained a similar trend using the diffusion coefficient
of Bru¨ggen & Hillebrandt (2001) with Ric = 1.
The well known discrepancy between the observed and predicted pulsar
rotation periods might be reduced with the interaction between rotation and
magnetic field (see contributions by Heger and Spruit in this volume) or with
a formula linking dynamical and secular shear in the advanced stages of the
evolution of massive stars.
Poster copy @ http://obswww.unige.ch/∼hirschi/work/cancun02.ps
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Pre-supernova evolution of rotating massive
stars
Hirschi Raphael1, Meynet Georges1, Maeder Andre´1, and Goriely Ste´phane2
1 Observatoire de Gene`ve,CH–1290 Sauverny, Switzerland
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Summary. The Geneva evolutionary code has been modified to study the advanced
stages (Ne, O, Si burnings) of rotating massive stars. Here we present the results of
four 20 M stars at solar metallicity with initial rotational velocities, υini, of 0, 100,
200 and 300 km/s in order to show the crucial role of rotation in stellar evolution.
As already known, rotation increases mass loss and core masses [4]. A fast rotating
20 M star has the same central evolution as a non-rotating 26 M. Rotation also
increases strongly net total metal yields. Furthermore, rotation changes the SN type
so that more SNIb are predicted (see [5] and [6]). Finally, SN1987A–like supernovae
progenitor colour can be explained in a single rotating star scenario.
1 Computer model
The computer model used is the Geneva evolutionary code (see [5]). Con-
vective stability is determined by the Schwarzschild criterion. The overshoot-
ing parameter, αover = dover/HP is equal to 0.1 for Hydrogen– and Helium–
burning cores and equal to 0 afterwards. Modifications have been made to
study the advanced stages of the evolution of rotating massive stars. Dynam-
ical shear has been included using Ric = 1/4 [2]. Note that the computer
model still includes secular shear and meridional circulation. The structure
equations have been stabilised using Sugimoto’s prescription [7]. Furthermore,
convection is treated as diffusion from the Oxygen (O) burning stage because
convection is no longer instantaneous. The algorithm developed for rotational
mixing is used for this purpose. Finally, the nuclear reaction network has been
extended and contains all the multiple-α elements up to 56Ni except 8Be. The
reaction rates are taken from the NACRE compilation or Hauser-Feschbach
code calculations (ULB, Belgium).
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2 Evolution
The early evolutionary stages are presented in [5]. Here we concentrate on
solar metallicity 20M stars and study the effect of rotation by examining
four models with initial rotational velocities of 0, 100, 200 and 300km/s.
Calculations have been followed until end of central O–burning for the υini =
100 and 200km/s models, end of central Si–burning for the υini = 300km/s
model and end of first shell Si–burning for the non-rotating model.
2.1 Hertzsprung–Russell (HR) diagram
Fig. 1. HR diagram for the solar metallicity 20 M stars with initial rotational
velocities of 0, 100, 200 and 300 km/s.
Figure 1 shows the evolutionary tracks of the four different 20M stars
in the HR diagram. The non-rotating model ends up as a red supergiant
(RSG) like other group models (see e.g. [1] or [3]). However, the rotating
models show very interesting features. Although the 100km/s model remains
a RSG, the 200 km/s model undergoes a blue loop to finish as a yellow–
red supergiant whereas the 300 km/s model ends up as a blue supergiant
(BSG). Thus rotation may strongly affect the shock wave travel time through
the envelope when the star explodes in a supernova event, since this time is
proportional to the radius of the star (RSG radii are about hundred times
BSG ones). Moreover, the behaviour of the models with υini between 200 and
300km/s is reminiscent of the evolution of the progenitor of 1987A indicating
that rotation may play a role in similar cases.
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2.2 Central evolution
The central evolution is best seen in the central temperature, Tc, versus central
density, ρc, diagram (Fig. 2). We can see that rotation makes the cores slightly
less degenerate (higher Tc and smaller ρc). This is explained by the bigger
core masses. We also see that the “C–bump” due to the convective central
C–burning fades away when rotation increases (see also Fig. 3). This is again
a consequence of more massive cores in rotating models which implies higher
neutrino loss rates and smaller central carbon abundance at the end of He–
burning phase.
Fig. 2. Tc versus ρc diagram.
3 “Pre-SN” models
3.1 Mass loss and core masses
We can see in Fig. 4 that both mass loss and Helium (He) core masses, Mα,
increase with rotation as already known. There is a saturation effect at high
rotation when the star is left with hardly any Hydrogen (H) envelope. As can
be seen in [5], rotation noticeably increases the number of Wolf-Rayet stars
(WR). Here we see that there is a smooth transition between SN type from
IIP → IIL → IIb (→ Ib). We also note that the υini = 300km/s 20M model
has a bigger He core than the non-rotating 25M model (it would correspond
to the core of a non-rotating 26M model). The Carbon–Oxygen core mass,
MCO, increases with rotation in a similar way as Mα. The Silicium (Si) core
mass at the end of central O–burning only slightly increases with rotation.
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Fig. 3. Kippenhahn diagrams: mass (M) versus log10(∼ time left until core col-
lapse) (yr). Left non-rotating 20 M model. Right υini = 300 km/s 20 M model.
Coloured zones show convective zones. Letters indicate burning stages.
Fig. 4. Final total mass, Mfinal, and Helium core mass, Mα, as a function of υini.
Non-rotating 25 M model masses are also shown for comparison.
3.2 Abundances profile and net yields
In Fig. 5 we notice the smoother profiles due to rotational mixing and also
the very small quantity of remaining H. The “pre-SN” net yields calculated
at this stage show that rotation increases the total metal yield and 16O yield.
Typically, the total metal yield of the υini = 300km/s model is twice the one
of the non-rotating model. On the other hand, rotation decreases H–burning
products yields (notably 4He) as can be seen in Fig. 6.
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Fig. 5. Abundances profile for main elements at the end of central Si–burning. Left
non-rotating 20 M model. Right υini = 300 km/s 20 M model.
Fig. 6. Net yields of the sum of all metals, YZ, and individual elements as a function
of υini.
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MIXING AND ROTATION
Georges Meynet, Raphael Hirschi and Andre´ Maeder 1
Abstract. The inclusion of rotation in massive star models improves
the agreement between theory and observations on at least three im-
portant points: 1) Rotational mixing allows to produce variations of
the surface abundances already during the Main–Sequence phase as
is observed. The changes of the surface abundances are more impor-
tant when, for a given initial velocity, the initial masses are larger,
and/or the metallicities are lower; 2) The observed number of red su-
pergiants at the metallicity of the Small Magellanic Cloud (SMC) can
be accounted for; 3) The observed variation of the number ratio of
Wolf–Rayet to O–type stars as a function of the metallicity can be
reproduced. For all these comparisons non–rotating models give un-
satisfactory fits. Rotating models results also give interesting insights
on questions such as the origin of Be stars, the mechanisms responsible
for the huge mass loss rates undergone by the Luminous Blue Vari-
ables, the rotation rates of pulsars, the progenitors of collapsars and
the sources of primary nitrogen at low metallicity.
1 Introduction
Stellar rotation is an old subject. Indeed Galileo first observed that the Sun had
an axial rotation some 400 years ago; an important instability induced by rotation
in star, namely the meridional circulation, was described already three quarters of
a century ago (Vogt 1925; Eddington 1925). On the other hand, rotation is also
quite a topical subject: for instance, measurements of the oblateness of stars due
to fast rotation have recently been performed (van Belle et al. 2001; Domiciano
de Souza 2003), also rotation plays a key role in the collapsar model proposed by
Woosley (1993) for explaining the (long) Gamma Ray Bursts (GRB). Let us recall
that this model has received some support from the recent detection of a clear
spectroscopic supernova signature in the afterglow of the GRB 030329 (see e.g.
Hjorth et al. 2003).
1 Geneva Observatory, CH–1290 Sauverny, Switzerland
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The computation of new grids of massive star models accounting for the effects
of rotation (see e.g. Heger & Langer 2000; Meynet & Maeder 2000) was stimulated
by the numerous observations indicating surface enrichments not predicted by
standard models (here standard models are models in which chemical mixing is
only allowed in convective regions):
1) Howarth & Smith (2001) found that three of the most rapidly rotating late–
O near–main–sequence stars known show substantially enhanced surface–helium
abundances. Comparing the distribution of projected rotational velocities for ON
(N–rich) and normal dwarf O stars, they also demonstrate that the ON stars have
on the average larger rotation velocities.
2) Villamariz et al. (2002) derived the CNO abundances in four Galactic O9 stars.
One of the star, showing a high value of υ sin i (450 km s−1), is N–rich. The surface
N/C and N/O ratios amount to 6.3 and 4.5 times the initial ones.
3) Heap and Lanz (2004) observed O–type stars in the Small Magellanic Cloud.
Nine of the 17 program stars present very important N–overabundances (by a
factor 30 !). At this low metallicity, during the MS phase, the mass loss rates are
too low for uncovering the inner layers. Thus the most probable explanation is
that some extra mixing process is at work.
4) Venn et al. (2002) determined the boron abundance in Galactic B–type stars.
Boron is a fragile element, which is easily destroyed by hot proton captures. In
case of not too deep mixing, boron will be destroyed while other more resistant
elements like carbon won’t. This is likely what happened in a few of the stars
studied by Venn et al. (2002) which show boron depletion with no N–enrichment
(which would result from the destruction of carbon). Interestingly, such a shallow
mixing allows to discard binarity as one of the cause for this particular surface
abundance pattern. Indeed, according to models, any mass transfer in a binary
system will produce a boron depletion with a nitrogen enhancement.
5) Daflon et al. (2001) observed the N/O abundances of 17 young B–type main–
sequence stars in Cep OB2. Two stars, the most massive, the most evolved and
the most rapidly rotating ones, show significant N/O overabundances (about a
factor of two above the initial value).
6) Smartt et al. (2002) measured the N/O ratios in four Galactic B–type super-
giants. These stars have surface N/O ratios in the range 0.1–0.5 (by number), i.e.
higher than the initial value (around 0.1), but below the expected values if these
stars would be on a blue loop after a red supergiant dredge–up episode. Indeed in
that last case the N/O ratios are believed to be in the range 1–20. These modest
N–enrichments give support to the idea that these stars underwent some mixing
during the MS phase.
7) Venn & Przybilla (2004) measured N–abundances at the surface of A–type
supergiants in the Galaxy and the Magellanic Clouds. In the SMC, the greatest
N/H ratios are about 40 times the initial ones, while in the Galaxy the maximum
enrichment factor is of the order of 8.
These inadequacies between standard model predictions and observations (for ad-
ditional references see also the reviews by Maeder & Meynet 2000a; Smartt 2003)
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clearly show that some additional physical mechanism(s) must be included in re-
alistic stellar models. Some of the enrichments appear to be associated with fast
rotation giving some support to the hypothesis that rotation could be the driv-
ing mechanism. The observation by Venn & Przybilla (2004), Heap and Lanz
(2004) seem also to indicate that the mixing is stronger at low metallicity. In the
following, after a brief recall of the different physical effects induced by rotation
(Sect. 2), we discuss how rotation modifies the evolution of massive stars at dif-
ferent metallicities (Sect. 3). The consequences for the massive star populations
and nucleosynthesis are presented in Sect. 4. Finally, Sect. 5 presents some future
promising lines of research.
2 Physical effects induced by rotation
One can distinguish three classes of effects
1) The hydrostatic effects. They are the consequences of the centrifugal
acceleration term in the equation of the hydrostatic equilibrium. The star is de-
formed and the stellar structure equations have to be modified in consequence. In
case the centrifugal acceleration term can be deduced from a potential (conserva-
tive case), the stellar structure equations can be written as devised by Kippenhan
& Thomas (1970). In the case of a “shellular” rotation law (see below), the equa-
tions can be kept the same as in the conservative case but with a slightly different
interpretation of the variables (Meynet & Maeder 1997). On their own these hy-
drostatic effects have small impacts on the evolution of stars. However they imply
that the local radiative flux and therefore the effective temperature of a rotating
star depend on the latitude (consequence of the Von Zeipel theorem 1924). Thus
the luminosity and the effective temperature of a star seen by an observer, depends
on the angle of view. This may affect the position of a star in the HR diagram
by a few tenths of a magnitude in luminosity and a few hundredths in log Teff
(Maeder & Peytreman 1970).
2) The instabilities driven by rotation. Recent discussions of the various
instabilities induced by rotation may be found in Maeder & Meynet (2000a), Heger
et al. (2000), Talon (2004). Among the most important instabilities are the
secular shear instability and the meridional circulation. These instabilities drive
the transport of the chemical species and of the angular momentum (see below).
3) The effects on the stellar winds. Rotation induces anisotropies of the
stellar winds. It also enhances the mass loss rate expected from a star lying at a
given position in the HR diagram (see below).
2.1 The transport mechanisms
In a rotating star local radiative equilibrium cannot be achieved. As a result
some parts of the star will be heated while other will cool. The buoyancy forces
then drive a large scale motion. Complete expressions for the meridional velocities,
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accounting, among other processes, for the effects of the molecular weight gradients
(µ–gradients) are given in Maeder & Zahn (1998). The radial component U(r) is
given by
U(r) =
P
ρgCP T (∇ad −∇+ (ϕ/δ)∇µ)
×
(
L
M?
[EΩ + Eµ] +
CP
δ
∂Θ
∂t
)
,(2.1)
where M? = M
(
1− Ω
2
2piGρm
)
is the reduced mass and Ω the mean angular velocity
at level r. The other symbols are defined in the quoted paper. The driving term
in the square brackets in the right hand side member is EΩ. It behaves mainly
like,
EΩ '
8
3
[
1−
Ω2
2piGρ
](
Ω2r3
GM
)
. (2.2)
The bar over some quantities means the average quantity on the considered isobar.
The term with the minus sign in the square bracket is the Gratton–O¨pik term,
which becomes important in the outer layers due to the decrease of the local den-
sity. It can produce negative values of U(r). A negative U(r) means a circulation
going down along the polar axis and up in the equatorial plane. This makes an
outwards transport of angular momentum, while a positive U(r) gives an inward
transport of angular momentum.
Meridional circulation, contraction/expansion of the stellar layers, and/or con-
vection, create gradients of the angular velocity inside the star. These gradients
produce instabilities known as shear instabilities. The physical reason for this
instability lies in the fact that the minimum energy state of a differentially ro-
tating fluid is solid body rotation. The star will tend to approach this state by
homogenizing the angular velocity by turbulent mixing.
In a radiative zone, the vertical stable density stratification counteracts the
shear instability. In that respect the µ–gradients play a key role as a stabilizing
agent. These gradients may even, depending on the physics involved in the model,
completely inhibit the mixing (see e.g. Meynet & Maeder 1997). There are differ-
ent methods in the literature for accounting for the effects of the µ–gradients on
the mixing. Some authors choose a parametric approach consisting in multiplying
the µ–gradient by a free parameter, fµ, smaller than one in order to weaken the
stabilizing effect of the µ–gradient. The value of fµ is chosen in order to enable the
stellar models to reproduce the observed surface enrichments (Heger et al. 2000).
The very small values chosen (of the order of fµ = 0.05) illustrates well the strong
inhibiting effects of the µ–gradients. Other methods devised by Maeder (1997),
Talon & Zahn (1997) account for the fact that the medium in a rotating star is
turbulent even before any vertical shear mixing occurs (see below). In that case,
the energy available in the shear can always be used for performing some mixing.
Expressions for the shear diffusion coefficients can then be deduced without the
need of artificially reducing the inhibiting effect of the µ–gradients.
Why can we consider that, even before any vertical shear instability sets in, the
medium in a rotating star is already turbulent ? As recalled above various pro-
cesses will build vertical and horizontal gradients of Ω. In the horizontal direction,
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i.e. on a isobar, in contrast to what happens in the vertical direction, the shear
instability is not inhibited by a stable density stratification and the turbulence can
develop without difficulty. Thus as long as horizontal gradients are continuously
built up by e.g. meridional circulation, a strong horizontal turbulence develops
in the star (Zahn 1992). This strong horizontal turbulence will also erode very
efficiently any horizontal gradient of Ω. Thus the star can always be considered
to be in a state of shellular rotation, characterized by constant values of Ω on
isobars. Starting from this a priori, but reasonable hypothesis, Zahn (1992) pro-
posed a consistent theory of the interaction between the shear instability and the
meridional circulation. The theory can be kept one dimensional thanks to the
hypothesis of strong horizontal turbulence.
For shellular rotation, the equation of transport of angular momentum in the
vertical direction is in lagrangian coordinates (Zahn 1992),
ρ
d
dt
(
r2Ω
)
Mr
=
1
5r2
∂
∂r
(
ρr4Ω U(r)
)
+
1
r2
∂
∂r
(
ρDshear r
4 ∂Ω
∂r
)
, (2.3)
where Dshear is the shear diffusion coefficient. From the two terms in the right
member, we see that advection and diffusion are not the same. Thus, the transport
of angular momentum by circulation cannot be treated as a diffusion.
For the changes of the chemical elements due to transport, we may use a
diffusion equation with a diffusion coefficient which is the sum of the shear diffusion
coefficient Dshear, and of Deff =
|rU(r)|2
30Dh
. Deff expresses the resulting effect of
meridional circulation and of the large horizontal turbulence (Chaboyer & Zahn
1992). This expression of Deff tells us that the vertical advection of chemical
elements is inhibited by the strong horizontal turbulence characterized by Dh.
The usual estimate of Dh =
1
ch
r |2V (r) − αU(r)| was given by Zahn (1992). A
recent study suggests that this coefficient is at least an order of magnitude larger
(Maeder 2003).
2.2 Rotation and mass loss by stellar winds
Since, at the surface of a rotating star, the effective gravity is higher at the pole
than at the equator, the Von Zeipel theorem (Von Zeipel 1924; see also Maeder
1999) implies that the radiative flux is more important at the pole than at the
equator. In the radiative wind theory the mass loss rates are proportional to the
radiative flux, which is the driving force, and to the opacity, which, in this context,
measures the efficiency of the matter to be pushed out by radiation. Both factors,
radiative flux and opacity, vary with the latitude at the surface of a rotating star
and thus the mass loss rates are different at the pole and at the equator (Owocki
et al. 1996; Maeder 1999). The winds are anisotropic. In the case of a hot star,
the main source of opacity is the electron scattering opacity which only depends
on the mass fraction of hydrogen. In that case, the dependance of the mass loss
with the latitude will follow that of the effective gravity (“geff–effect”) and one
expects to have higher rates at the pole than at the equator.
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Interestingly, direct measurement of the size and shape of the present–day
stellar wind of η Carinae by van Boekel et al. (2003) show that the wind nebula
is elongated with a major axis aligned with that of the large bi–polar nebula that
was ejected in the 19th century. This observation supports polar enhanced mass
loss as predicted by Maeder & Desjacques (2001), Dwarkadas & Owocki (2002).
Van Boekel et al. (2003), using the above models, estimate that η Carinae should
rotate at about 90% of its critical velocity. Let us note also that recent HST
spectroscopy (Smith et al 2003) of starlight reflected by dust in the Homonculus
indicates a latitude–dependent wind velocity, with the highest velocities near the
pole; again this is expected for a wind which is stronger at the poles.
For cooler stars, other sources of opacity intervene in addition to the electron
scattering opacity. A bistability limit (i.e. a steep increase of the opacity, cf.
Lamers et al. 1995) may occur somewhere between the pole and the equator, due
to the decrease of Teff from pole to equator. This “opacity–effect” produces an
equatorial enhancement of the mass loss. The anisotropies of mass loss influence
the loss of angular momentum, in particular polar mass loss removes mass but
relatively little angular momentum. This may strongly influence the evolution
(Maeder 2002).
The Von Zeipel theorem also changes the expressions for the break–up veloc-
ities, for the maximum luminosity and for the global mass loss rates (Maeder &
Meynet 2000b). Concerning this last point, the mass loss rates of a rotating star
compared to that of a non–rotating star at the same location in the HR diagram
is given by
M˙(Ω)
M˙(0)
'
(1− Γ)
1
α
−1[
1− 49 (
v
vcrit
)2 − Γ
] 1
α
−1
, (2.4)
where Γ is the Eddington ratio corresponding to electron scattering opacity for
a non–rotating star with the same mass and luminosity, vcrit = (2GM/3Rpb)
1/2
and α is a force multiplier (Lamers et al. 1995). Values of α are given in Table
1, which shows, for stars of different masses and Γ, the values of the ratio of the
mass loss rates for a star at critical rotation to that of a non–rotating star of the
same M, L and Teff . The values∞, when Γ approaches 1, indicate that the critical
velocity is met and quite large increase of the mass loss rates are expected (ΩΓ–
limit). Interestingly, the huge mass loss rates are predicted for the region of the
HR diagram where LBV stars are found, indicating that these stars may indeed
be near the ΩΓ–limit.
3 Effects of rotation on the stellar models
In Fig. 1, different tracks for 20 M stellar models are plotted for various initial ve-
locities. Rotation extends the MS tracks towards higher values of the luminosities
and lower values of the effective temperature. Rotation has thus a similar effect as
core overshoot. An interesting question for future studies would be to disentangle
the extension of the core due to rotation to that due to the overshooting mecha-
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Table 1. Values of M˙(Ω)
M˙(0)
for different stellar masses. The four force multipliers α apply
respectively to stars with: 4.70 ≥ log Teff ≥ 4.35 (type B1.5 or earlier), log Teff = 4.30
(type B2.5), 4.00 (B9.5), 3.90 (A7) respectively.
Mini Γ
M˙(Ω)
M˙(0)
M˙(Ω)
M˙(0)
M˙(Ω)
M˙(0)
M˙(Ω)
M˙(0)
α = 0.52 α = 0.24 α = 0.17 α = 0.15
120 0.903 ∞ ∞ ∞ ∞
85 0.691 ∞ ∞ ∞ ∞
60 0.527 3.78 96.2 1130 3526
40 0.356 2.14 13.6 55.3 106.0
25 0.214 1.76 7.02 20.1 32.6
20 0.156 1.67 5.87 15.2 23.6
15 0.097 1.60 5.04 12.1 18.1
12 0.063 1.57 4.68 10.8 15.8
9 0.034 1.54 4.41 9.8 14.2
Fig. 1. Evolutionary tracks for 20 M models at solar metallicity with different initial
velocities. Evolution was computed from the ZAMS until the Si–core burning phase
(Hirschi et al. 2004).
nism. The main sequence width in the mass range between 1.1 and 1.5 M where
the observed rotation velocities are much lower than in the higher mass range, can
give indications on the extension due to mainly overshooting. From Fig. 1, one can
note also that, depending on the initial velocity, the star may evolve to become a
blue supergiant after the core He–burning phase. This illustrates the fact that the
color of the supernova progenitor is quite sensitive to the chemical profiles inside
the star (cf. Langer et al. 1989; Langer & Maeder 1995).
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Fig. 2. Evolution of the fraction Ω
Ωc
of the angular velocity to the critical angular velocity
at the surface of star models of different initial masses between 9 and 120 M with account
of anisotropic mass loss during the MS phase. On the ZAMS, the equatorial velocity of
all the models is equal to 300 km s−1.
The MS lifetime is in general increased by rotation. For solar metallicity mod-
els and vini = 300 km s
−1, the increase amounts to 25%. For the metallicity of the
Small Magellanic Cloud, the increase is around 10%. For still lower metallicity
models (Z = 10−5), the MS lifetime of massive stars is even reduced by rotation.
The reason is the following: on one hand rotation enlarges the convective core,
increasing thus the reservoir of fuel and thus the MS lifetime. On the other hand
the diffusion of helium in the radiative zone decreases the opacity. This increases
the luminosity and thus decreases the MS lifetime. When the metallicity decreases
the mixing of the chemical elements is more efficient (see below). Thus the factor
decreasing the MS lifetime, namely the helium diffusion in the radiative zone, be-
comes more and more efficient, while that increasing the MS lifetime, the diffusion
of H into the convective core, remains more or less at a constant level. Indeed
hydrogen has just to cross the boundary between the radiative envelope and the
convective core to increase the quantity of fuel available, while helium has to be
diffused in the whole radiative envelope to affect significantly the opacity.
In Fig. 2, evolutions of the fraction ΩΩc of the angular velocity to the critical
angular velocity at the surface of star models of different initial masses between 9
and 120 M are shown. The effects of the wind anisotropies have been accounted
for. The most massive stars slow down more rapidly than the less massive ones.
This is an effect of mass loss. Interestingly this may be related to two observational
facts: firstly the observed mean velocity on the MS of the O–type stars is inferior
Æ-É
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to that of the B–type stars (Fukuda 1982), secondly, Be stars, i.e. B–type stars
rotating near break–up, are observed among B–stars and not O–type stars (see
e.g. Fabregat and Torrejo´n 2000).
In Fig. 3 the evolution as a function of time of Ω/Ωc is shown for metallicities
between 0.004 and 0.040. When the metallicity decreases, the angular velocity,
normalized to break up velocity increases during the MS phase, while it decreases
at higher metallicity. This results from the weaker mass loss rates in metal poor
regions and from the internal transport processes. Thus even if the initial distribu-
tion of the velocities on the ZAMS do not depend on the metallicity, one expects
that the relative number of stars near break-up will increase for lower metallicities.
Very interestingly the number fraction of Be stars with respect to the sum of B
and Be stars in clusters of similar ages, increases when the metallicity decreases
(Maeder et al. 1999, see also the contribution by Maeder in this volume). This
may result from the evolutionary effect discussed above, but also from the fact
that the initial distribution of the rotational velocities might contain more fast
rotators at low metallicity. This is presently not known. Instrument like HARPS
on the NTT or GIRAFFE on the VLT offer great opportunities for addressing
such questions.
One can wonder if the evolution of fast rotating pop III stars would be strongly
affected by the intense mass ejections expected at break–up. Marigo et al. (2003),
who considered the evolution of rotating pop III stars assuming rigid body ro-
tation, showed that the critical conditions of intense mass loss rates can only be
maintained for short times. Indeed due to the efficient removal of angular mo-
mentum by intense mass loss, the star rapidly spins down. However it remains to
be checked how the inclusion in the models of the different mechanisms for the
transport of the angular momentum and of the chemical species, as well as the
account for the mass loss anisotropies modify this result.
In Fig. 4, evolutions of the N/C ratios normalized to their initial values at
the surface of rotating and non–rotating stars are shown. When the star is non–
rotating there is no change of the surface abundance during the whole MS phase
until it becomes a red supergiant (RSG). Changes occur only after the first dredge–
up in the RSG phase. When rotation is accounted for, the N/C ratios increase
already during the MS phase. The predicted enhancements for models with average
rotational velocities during the MS phase in the range of the observed values
(∼ 200− 250 km s−1) are in good agreement with the observations.
For a given value of the initial velocity and of the initial mass, the surface
enrichment increases when the metallicity decreases (see Fig. 4). This is due to the
following reasons: when the metallicity decreases the stars are more compact. The
higher values of the density in the outer layers compared to more metal rich stars,
lead to a decrease of the Gratton–O¨pick circulation (cf. Eq. 2.2). Less angular
momentum is transported from the core to the outer layers, making the gradients
of Ω steeper in lower metallicity stars. Steeper Ω–gradients imply stronger shear
mixing. Other effects also contribute: at lower metallicity, the mass loss rates are
weaker and thus less angular momentum is lost by stellar winds. Also, stars being
more compact, the diffusion timescale which varies as the square of the radius is
Æ-Æ
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Fig. 3. Evolution of the fraction Ω
Ωc
of the angular velocity to the critical angular velocity
at the surface of 40 M star models of different initial metallicities. On the ZAMS, the
equatorial velocity of all the models is equal to 300 km s−1.
shortened.
Stronger enrichments at lower metallicities appear to be in good agreement
with the trend shown by the data of Venn and Przybilla (2004) reported in the
introduction. These authors have determined the N/H ratio at the surface of A–
type supergiants both in the MW and in the SMC. They obtain that the range of
values observed in the SMC are much greater than at solar metallicity. In addition
to the evolutionary effect just mentionned, part of the effect might also be due to
the fact that stars, in metal poor regions, could be born with higher rotational
velocities.
4 Impact on the massive star populations and nucleosynthesis
The observation of the number ratio of blue to red supergiants in the SMC cluster
NGC 330 indicates value between 0.5 and 0.8 (see e.g. Eggenberger et al. 2002).
This cluster has a mass at the turn–off around 15 M. Classical non–rotating
models predict that at such a low metallicity nearly the whole He–burning phase
occurs in the blue part of the HR diagram. Classical models predict thus ratios
of the number of blue to red supergiants of the order of 50, i.e. two orders of
magnitude greater than observed. It has been shown by Maeder & Meynet (2001)
that rotation favours the redwards evolution. In rotating stars, more helium is
present in the zone of the H–burning shell, making the H–shell less active and the
associated convective zone (if any) less extended. The ratio of the time spent in
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Fig. 4. Evolution of the N/C ratios (normalized to their initial value) at the surface of
various 9M stellar models for different initial velocities and for various initial metallic-
ities. The long–dashed line corresponds to a non–rotating 9 M model.
the blue to that spent in the red agrees with the observed number ratio of blue
to RSG for stars with rotational velocities during the MS phase between 200 and
300 km s−1, i.e. for values of the rotational velocities well in the observed range
for these stars. Thus rotation offers an interesting solution to this long–standing
problem.
Rotation has also an important impact on the population of Wolf–Rayet stars.
In non–rotating models the typical surface abundance pattern of WR stars are re-
alized during the He–burning phase when, as a result of mass loss, layers processed
by the CNO cycle appear at the surface. Rotating models show that the star may
enter the WR phase already during the H–burning phase, while still an impor-
tant H–rich envelope surrounds the core. This may occur because of rotational
diffusion which brings CNO processed material to the surface (Fliegner & Langer
1995). One can immediately deduce two consequences: firstly, for a given initial
mass, rotation increases the WR lifetime. Secondly, the part of the WR lifetime
during which the wind is CNO enriched, namely the WN phase, is considerably
increased by rotation. These two factors enable to reproduce the observed proper-
ties of the Wolf-Rayet populations at solar metallicities, properties which cannot
be accounted for by non–rotating models (Meynet & Maeder 2003). Interestingly,
Prantzos & Boissier (2003) show that models with rotation much better account
for the observed ratio of type Ib/Ic (believed to originate from the explosion of
WR stars) to type II supernovae, at least for progenitor stars with solar metal-
licity. Work in progress shows that the rotating models can also account for the
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12 The Future Astronuclear Physics
properties of the WR populations at different from solar metallicities (Meynet &
Maeder, in preparation).
4.1 Effects of rotation on the yields
In Table 2, stellar yields from rotating and non–rotating stellar models are com-
pared. For the 60 M model, which goes through a WR phase, rotation increases
substantially the yields of the elements which are produced by the H–burning and
are preferentially ejected by the stellar winds (helium and nitrogen). As indicated
above, rotation allows the star to enter into the WR phase with still an impor-
tant envelope, rich in H–burning products. Thus large amounts of these elements
are ejected during the WN phase. This also explains why rotating models allows
greater amounts of 26Al to be ejected by the winds of the WR stars (Vuissoz et al.
2004). This may have some interesting consequences for the interpretation of the
1.8 MeV diffuse emission observed in the direction of young star forming regions
as for instance the Cygnus region (Kno¨dlseder et al. 2002).
The helium–burning products (carbon and oxygen) are much less affected. A
look at Fig. 5, which shows the evolution of the surface abundances for a rotating
and a non–rotating 60 M, shows that the entrance into the WC phase, character-
ized by strong and rapid enhancements of carbon and oxygen, occurs at the same
value of the actual mass (20 M) in both models. This explains in that particu-
lar case that the carbon and oxygen yields are little affected. One notes however
that the transition from the WN to the WC phase is smoother in the rotating
model, allowing the simultaneous presence at the surface of both H– (14N) and
He–burning products (12C, 16O, 18O,19F, 22Ne). Such stars are indeed observed
(e.g. Crowther et al. 1995) and their observed frequency is well accounted for
by the rotating models (Meynet & Maeder 2003). From the point of view of the
yields, this transition phase is too short for making a significant difference between
the yields given in Table 2 for the rotating and the non–rotating model.
As proposed by Maeder (1992) the metallicity dependance of the mass loss rates
may induce a metallicity dependance of the yields of some elements like carbon.
When the metallicity increases, the stronger mass loss rates allow the star to enter
into the WC phase at an earlier stage of the core He–burning phase, when still a
lot of helium and carbon are present in the core. These elements can then escape
further destruction by being removed from the core by stellar winds. In such a
scenario high metallicity massive stars may be important sources of carbon. Many
authors have given support to this scenario (Prantzos et al. 1994; Gustafsson et
al. 1999; Carigi 2000; Henry et al. 2000; Akerman et al. 2004).
Does rotation change this point of view ? On Fig. 6 the final masses obtained
from rotating models at different metallicities are plotted as a function of the initial
masses. As was already the case for the non–rotating models, smaller final masses
are obtained at higher metallicities where the mass loss rates are greater. Thus
qualitatively, one expects that rotating models would also predict an increase of
the carbon yields from massive stars when the metallicity increases. On Fig. 7,
the carbon yields of two grids of rotating models at solar metallicity are compared
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Fig. 5. Evolution of the abundances (logarithm of the mass fraction) at the surface of
a rotating (left panels, υini = 300 km s
−1) and a non–rotating (right panels) 60 M as
a function of the actual mass of the star (which decreases as a function of time). The
initial metallicity is solar.
to the carbon yields of Maeder (1992). The two rotating grids differ mainly by
the mass loss rates used (in paper V we used the receipe devised by Lamers &
Cassinelli 1996, while in paper X the formula proposed by Vink et al. 2000 was
adopted). We see that the mass loss rates from Vink et al. (2000) lead to much
higher carbon yields than the prescription by Lamers & Cassinelli (1996). The
chemical evolution models of Prantzos (2003), Chiappini et al. (2003) show that
using the yields of paper V would significantly decrease the importance of the
high metallicity massive stars as sources of carbon. Instead the yields from the
models of paper X would favour the scenario suggested by Maeder (1992). One
sees from these numerical examples, that the carbon yields from massive stars are
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14 The Future Astronuclear Physics
Fig. 6. Final masses versus initial masses for rotating models at different metallicities.
Fig. 7. Stellar yields in carbon for different grids of stellar models. The dotted line
corresponds to the yields given by Maeder (1992). The dashed line to the rotating
models of Meynet & Maeder (2000) and the continuous line to the rotating models of
Meynet & Maeder (2003). See text for further details.
more sensitive to the mass loss rate prescriptions than to rotation.
If, at solar metallicity, for stars with initial masses superior to about 40 M
, the mass loss by stellar winds appears as the main factor affecting the stellar
yields, for lower initial mass stars, rotation appears as the most important factor.
Typically, rotational mixing increases the CO core masses by 50% for masses
between 9 and 25 M. From Table 2, one sees that the yields in carbon and
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Table 2. Stellar yields in solar masses for two models at solar metallicity. The quantities
in parenthesis indicate the fraction of the yields ejected by the stellar winds.
Mini υini Y(
4He) Y(12C) Y(14N) Y(16O) Y(Z)
60 0 7.08 5.14 0.23 5.76 12.87
(100%) (49%) (100%) (8%) (26%)
300 12.94 5.69 0.30 5.73 13.46
(100%) (53%) (100%) (7%) (29%)
15 0 1.70 0.18 0.05 0.42 0.92
(0%) (0%) (3%) (0%) (0%)
300 1.55 0.32 0.03 1.08 1.97
(19%) (0%) (45%) (0%) (0%)
oxygen are enhanced by about a factor 2. Similar enhancements are obtained at
lower metallicities (Meynet & Maeder 2002).
4.2 Rotation and primary nitrogen production
The observations of the N/O ratio at the surface of metal poor stars in the solar
neighborhood, in HII regions and in DLAs, show that at low metallicity, a pri-
mary source of N is required (e.g. Henry et al. 2000). Classically, it is believed
that primary N is produced by intermediate mass stars during the thermal pulse
AGB phase. Rotation opens a new way for primary nitrogen production at low
metallicity. Carbon produced in the He–core diffuses by rotational mixing in the
H–burning shell where it is transformed into primary nitrogen. Nitrogen is pri-
mary because it is formed from carbon produced by the star itself. Both massive
stars and intermediate mass stars may produce primary N through this process.
However the production factors of intermediate mass stars is clearly much more
important than the one of massive stars (Meynet & Maeder 2002). Let us note
that this scenario only works at very low metallicity, where rotational mixing is
expected to be more efficient (see above) and where the distance bewteen the
H–shell and the He–core is smaller.
What is the importance of this mechanism ? Prantzos (2003), Chiappini et
al.(2003), Carigi & Pettini (2004) have shown on the basis of chemical evolution
models for galaxies that the yields from rotating models give results which can
well reproduce the observed variation of the N/O ratio as a function of the metal-
licity in various environments. The results are similar to those obtained with
yields (van den Hoek & Groenewegen 1997) from non–rotating models accounting
for the effects of the third dredge-up and the HBB in a parametric way. More
quantitative assessment on the relative importance of the two mechanisms for pri-
mary N production waits for further stellar computations including both processes
simultaneously.
There is however one point which is already acquired at this stage: rotation
significantly increases the time delay between the release of oxygen and that of
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16 The Future Astronuclear Physics
nitrogen (Meynet & Pettini 2004). This time delay passes from 400 Myr when
non–rotating models are used, to 700 Myr when rotation is accounted for. Can
we have access to that duration from the observations ? Pettini et al. (2002) have
suggested a way to do it following an argument proposed by Edmunds & Pagel
(1978). Let us suppose that the DLA’s have all the same star formation history,
that they form continuously, then the fraction of the DLA’s showing a N/O ratio
below the plateau level observed at low metallicity becomes greater when the
time delay increases. From this observed fraction, Pettini et al. conclude that
the duration of the time delay should amount to about 700 Myr in very good
agreement with the value just obtained from the rotating models. Of course, in
view of the roughness of the hypotheses such a conclusion needs to be further
examined. However the line of reasoning is worthwhile to be mentionned.
Interestingly, the rotating models at Z = 10−5 predict that when the star is
on the Asymptotic Giant Branch, the abundances of carbon, nitrogen and oxygen
are all very much enhanced with respect to their initial values. Typically, at the
beginning of the AGB, rotating models with initial masses between 3 and 7 M
present surface abundances of CNO elements which are enhanced by factors be-
tween 20–2000 for C, 3000–4000 for N, and 30-100 for O. Non–rotating models at
the same evolutionary stage are C and O depleted, the surface abundance being
reduced by about a factor 3 for C and 1.3 for oxygen; N is enhanced by a factor
∼ 10. Of course such models are difficult to be constrained by observations. May
be a possibility would be through observations of stars similar to CS29497-030.
According to Sivarani et al.(2004), the known spectroscopic binary status of this
star, together with the observed s–process abundance pattern, suggest that it had
accreted matter from a companion, which formerly was an AGB star. This star ex-
hibits large overabundances of carbon ([C/Fe]=+2.38), nitrogen ([N/Fe]=+1.88),
and oxygen ([O/Fe]=+1.67) as well as large enhancements of neutron–capture el-
ements. Sivarani et al.(2004) notes that if the mass transfer model might well
account for the large enhancement of C, N and s–process elements, the large O
abundance is not easily explained (nor is the overabundance of Na). It would of
course be interesting to investigate the possible role of rotation in this context
since, as illustrated by the numerical example above, rotation may deeply change
the abundances in the AGB phase and may also affect the s–process elements
synthesis (Herwig et al. 2003).
5 Future perspectives
Rotation has a great impact on the way massive stars evolve. In that respect,
the initial rotational velocity becomes, in addition to the initial mass and the
initial metallicity, an important factor governing the evolution of stars. Still many
questions remain to be answered:
1) Does the initial distribution of rotation velocities depends on the initial metal-
licity ? How does the surface velocity evolve as a function of time along the MS
band for different initial metallicities ? Answer to this last question will con-
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strain the internal transport mechanisms of angular momentum provided that
the observed stars do not undergo too heavy mass loss by stellar winds (oth-
erwise mass loss is the key factor determining the surface velocity and the ef-
fects of the transport mechanisms will be blurred). Large and extended sur-
veys are being now performed (North et al. 2004; Royer et al. 2004). In
a near future, such observational programs will be addressed with new multi–
object spectrographs as GIRAFFE/FLAMES. These spectrometers on the VLT
will allow simultaneous spectroscopy of 130 stars, at resolutions up to 17 km s−1
(http://www.eso.org/instruments/flames).
2) Recently tight constraints on the values for the mass, luminosity and effective
temperatures of bump Cepheids in the LMC have been obtained (Keller & Wood
2002). Their sample stars appear to be significantly more luminous than predicted
by classical stellar models that do not incorporate extension of the convective
core. As seen above, rotation can produce an extension of the core as would do an
overshoot and thus would bring the theoretical results in better agreement with
the observations. Rotation influences also the chemical profiles inside the stars
and the surface compositions. Moreover when the star evolves from the red to the
blue, its surface velocity increases. All these factors may have an impact on the
pulsation properties of these stars.
3) Can the rotating models account for the observed rotation rates of young pul-
sars ? It is not easy to determine the birth spin of pulsars. Values as different
as 2 ms and more than 100 ms are found in the literature (Middleditch et al.
2000; Romani & Ng 2003; Marshall et al. 1998). A typical value of 20 ms is
sometimes quoted (see e.g. Lorimer 2003). The angular momentum contained in
the core at the end of the evolution in the models by Meynet & Maeder (2003)
is sufficient for producing young neutron star near the break–up limit (with pe-
riods of the order of the millisecond). Similar result are obtained by Heger et
al. (2004) in models without magnetic fields. This may indicate that the loss of
angular momentum from the central stellar region is higher than predicted by the
current models and/or that instabilities occurring at the time of the neutron star
formation remove angular momentum. Models accounting for the presence of a
magnetic field generated by differential rotation (see below) are able to extract
great quantities of angular momentum from the core. According to Heger et al.
(2004), this magnetic braking can slow down the core by about an order of mag-
nitude, predicting periods of the order of 10 ms at pulsar birth. On the other
hand, models of three dimensional collapse of rotating stars by Fryer & Warren
(2004) indicate that during the collapse the inner core continues to lose angular
momentum, weakening thus the necessity to lose the excess of angular momentum
in the previous evolutionary phases.
4) What are the evolutionary scenarios leading to the collapsar model for the
GRB ? For the collapsar model to work, it is necessary that the core contains a
great amount of angular momentum (in contrast to the problem of reproducing the
observed rotation rate of young pulsars seen above). In fact the rotating models
without magnetic braking would provide favourable conditions for the collapsar
model. However these models are supposed to represent the behavior of an average
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star and not of the small fraction of stars which end their life as a GRB. Typically,
it is believed that about 1% of all core collapse supernovae would occur as a
GRB (Woosley & Heger 2004). Thus the conditions for a GRB to be produced
remain quite particular. As before, a particular evolution can have occurred during
the pre–supernova stage and/or at the time of the collapse (see the interesting
discussion in the above quoted paper).
5) According to Spruit (2002), differential rotation could generate a magnetic field,
whose consequences in stellar interior are now being explored (Heger et al. 2004;
Maeder & Meynet 2003ab; see also the contribution by Maeder in the present
volume). Let us just mention that the first definite detection of a magnetic field
in an O star has recently been obtained by Donati et al. (2002). They deduced a
dipole field with an intensity of 1.1±0.1 kG.
There are many other problems such as the effects of rotation during the pre–MS
phase (very interesting observational constraints are provided in Wolff et al 2004),
in close binary evolution (Langer et al. 2004) or on the way massive stars explode
(Fryer & Warren 2004). The subject is rich of further developments which will
improve our knowledge in many fields of astrophysics.
We express our thanks to Marcel Arnould for the many fruitful collaboration in the past years and
to the organizers of this very interesting conference held in the honor of Marcel’s 60th birthday.
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Rotating massive stars: Pre–SN models and stellar yields at solar
metallicity
R. Hirschia, G. Meyneta and A. Maedera
aObservatoire de Gene`ve, 1290 Sauverny, Switzerland
We present a new set of stellar yields obtained from rotating stellar models at solar
metallicity covering the massive star range (9–120 M). The stellar models were calcu-
lated with the latest version of the Geneva stellar evolution code described in [1]. Evolu-
tion and nucleosynthesis are in general followed up to Silicon burning. The contributions
from stellar winds and from supernova explosions to the stellar yields were calculated
separately. The two contributions were then added to compute the total stellar yields [2].
The effects of rotation on pre–supernova models are significant between 15 and 30 M.
Above 20 M, rotation may change the radius or colour of the supernova progenitors (blue
instead of red supergiant) and the supernova type (Ibc instead of II). Rotation increases
the core sizes by a factor ∼ 1.5. Thus, rotation increases the yields for heavy
elements and in particular for carbon and oxygen by a factor 1.5–2.5. Rotating
models produce larger yields for 12C and 16O in the mass range between 9 and about 35
M compared to the 1992 calculations [3].
For Wolf-Rayet stars (M & 30M), the pre–supernova structures are mostly affected
by the intensities of the stellar winds and less by rotation [4]. In this mass range, rotation
increases the yields of helium and other hydrogen burning products but does not affect
much the yields of elements produced in more advanced evolutionary stages. Note that
the final mass of the most massive stellar models (∼ 120 M) are similar to the final mass
of less massive stars (∼ 40 M) due to the use of the revised mass loss rates from Nugis
and Lamers 2000 [5]. The most massive stars are therefore also expected to form black
holes.
1. Introduction
Over the last ten years, the development of the Geneva stellar evolution code has allowed
the study of the evolution of rotating stars until carbon burning. The models reproduce
very well many observational features at various metallicities, like surface enrichments
[9], ratios between red and blue supergiants [10] and the population of Wolf–Rayet (WR
hereinafter) stars [4]. In [1], we describe the recent modifications brought to the Geneva
code and the evolution of our rotating models until silicon burning. In this contribution,
we briefly present the stellar yields for a large initial mass range (9–120 M) for rotating
stars at solar metallicity.
Æ
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22. Computer model
The computer model used to calculate the stellar models is described in details in [1].
Convective stability is determined by the Schwarzschild criterion. Convection is treated as
a diffusive process from oxygen burning onwards. The overshooting parameter is 0.1 HP for
H and He–burning cores and 0 otherwise. On top of the meridional circulation and secular
shear, an additional instability induced by rotation, dynamical shear, was introduced
in the model. The reaction rates are taken from the NACRE [11] compilation for the
experimental rates and from the NACRE website (http://pntpm.ulb.ac.be/nacre.htm)
for the theoretical ones. The mass loss rates used are described in [4]. In particular,
during the Wolf–Rayet phase, we use the mass loss rates by Nugis and Lamers 2000 [5].
These mass loss rates, which account for the clumping effects in the winds, are smaller by
a factor 2–3 than the mass loss rates used in our previous non–rotating “enhanced mass
loss rate” stellar grids [12].
We calculated stellar models with initial masses of 9, 12, 15, 20, 25, 40, 60, 85 and
120 M at solar metallicity, with initial rotation velocities of 0 and 300 km s
−1. The
value of 300 km s−1 corresponds to an average velocity of about 220 km s−1 on the Main
Sequence (MS) which is very close to the observed average value [13]. The calculations
start at the ZAMS. The rotating 15, 20, 25, 40 and 60 M models were computed until
the end of core silicon (Si) burning and their non–rotating counterparts until the end of
shell Si–burning. For the rotating 12 M star, the model ends after oxygen (O) burning.
For the non–rotating 12 M star, neon (Ne) burning starts at a fraction of solar mass
away from the centre but does not reach the centre and the calculations stop there. The
evolution of the models with initial masses between 12 and 60 M is described in [1]. The
9, 85 and 120 M models are presented in [4] and their evolution was followed until the
end of the core He–burning.
3. Results
3.1. Contributions to yields from stellar winds and SN explosions
Before we discuss the stellar yields, it is useful to recall the influence of rotation on
the final mass of the different models (presented in [4,2]). Below 30 M, rotating models
lose significantly more mass than non–rotating models [14]. For WR stars (M & 30 M),
the new mass loss prescription [5], including the effects of clumping in the winds, results
in mass loss rates that are a factor two to three smaller than the rates from [15]. As a
result, the final mass of WR stars in the present calculation are noticeably larger than in
1992 [3]. There is no clear difference between the final mass of rotating and non–rotating
models. For a model with an initial mass larger than 30 M, the final mass is always
between 11 and 17 M. A similar outcome, black hole formation, is therefore expected
for all the very massive stars at solar metallicity.
What is the relative importance of the wind and SN contributions? Figure 1 displays
the total stellar yields divided by the initial mass of the star as a function of its initial
mass, m, for the non–rotating (left) and rotating (right) models. The different total yields
(divided by m) are piled up. 4He yields are delimited by the top solid and long dashed
lines (top shaded area), 12C yields by the long dashed and short–long dashed lines, 16O
yields by the short–long dashed and dotted–dashed lines and the rest of metals by the
Æ


Ï
3Figure 1. Stellar yields divided by the initial mass as a function of the initial mass for
the non–rotating (left) and rotating (right) models at solar metallicity.
dotted–dashed and bottom solid lines. The bottom solid line also represents the fraction
of the star locked in the remnant (Mrem/m). The corresponding SN explosion type is also
given. The wind contributions are superimposed to the total yields for the same elements
between their bottom limit and the dotted line above it. Dotted areas help quantify the
fraction of the yields due to winds. Note that for 4He, the total yields are smaller than
the wind yields due to negative SN yields for 4He.
For 4He (and other H–burning products like 14N), the wind contribution increases with
mass and dominates for M & 22M for rotating stars and for M & 35M for non–rotating
stars. These mass limits correspond to the lower mass limits for WR star formation. For
very massive stars, the SN contribution for 4He is negative (this is possible because, in
the yield calculation, the initial composition is deducted from the final one) and this is
why the wind contribution is higher than the total one. For 12C, the wind contributions
only start to be significant above the mass limits for WR star formation (22 and 35 M
for rotating and non–rotating models respectively). This is expected because a star must
have ejected most of its helium before it can eject carbon. Above these mass limits, the
contribution from the wind and the SN are of similar importance. For 16O, the wind
contribution remains very small because with the new mass loss prescription, the oxygen
rich layers are not uncovered.
3.2. Total stellar yields
Our non–rotating models were compared to the literature [6–8] and are consistent with
other calculations. Differences can be understood in the light of the treatment of convec-
tion and the rate used for 12C(α, γ)16O [2]. This verifies the accuracy of our calculations
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4and gives a safe basis for studying the effects of rotation on the yields.
For H–burning products, the yields of the rotating models are usually higher than
those of non–rotating models. This is due to larger cores and larger mass loss. However,
between about 15 and 25 M, the rotating yields are lower. This is due to the fact that
the winds do not expel much H–burning products yet and more of these products are
burnt later in the pre–supernova evolution (giving negative SN yields). For very massive
stars (M & 60 M), rotating stars enter into the WR regime in the course of the MS.
The long time spent in particular in the WNL phase [4] results in the ejection of large
amounts of H–burning products. Rotation therefore increases the H–burning products
yields in this mass range. Note that our rotating model yields for H–burning products
are similar or larger than the high mass loss rates models of 1992 [3].
Concerning He–burning products, below 40 M, most of the
12C comes for the SN
contribution. In this mass range, rotating models, having larger cores, also have larger
yields (factor 1.5–2.5). For very massive stars (M & 60 M), the situation is reversed for
He–burning products because of the different mass loss history. As said above, rotating
stars enter into the WR regime in the course of the MS. The long time spent in the WNL
phase [4] results in a large mass loss. Therefore, very massive rotating stars have a small
total mass early in their evolution and end up with smaller cores. Compared to 1992 [3],
the 12C yields are larger in the present rotating models for masses lower than 30 M and
lower for masses higher than 30 M. Since very massive stars are much less numerous,
we expect the overall 12C yield of rotating models to be larger than those of 1992 [3]. The
situation for 16O and the total metallic yields is similar to carbon. Therefore 16O and
metallic yields are usually larger for our rotating models than for our non–rotating ones
by a factor 1.5–2.5.
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Massive rotating stars: pre–SN evolution at solar
metallicity
Raphael Hirschi, Georges Meynet, Andre´ Maeder
Gene`ve Observatory, Ch. des Maillettes 51, 1290 Sauverny, Switzerland
1. Introduction
Over the last years, the development of the Geneva evolutionary code has allowed
the study of rotating star evolution from the ZAMS until the end of the core
carbon burning phase. Various checks of the validity of the rotating stellar
models have been made. In particular, it has been shown that rotating models
well reproduce the observed surface enrichments (Heger & Langer 2000; Meynet
& Maeder 2000), the ratios of blue to red supergiants in the Small Magellanic
Cloud (Maeder & Meynet 2001), and the variations of the Wolf–Rayet (WR
hereinafter) star populations as a function of the metallicity (Meynet & Maeder
2003, 2004).
Recently, the Geneva stellar evolution code was developped in order to
model the pre–supernova evolution of rotating massive stars. Rotating and
non–rotating stellar models at solar metallicity with masses equal to 12, 15, 20,
25, 40 and 60 M were computed from the ZAMS until the end of the core
silicon burning phase (Hirschi et al. 2004a). The corresponding stellar yields
have also been calculated (Hirschi et al. 2004b).
2. Evolution of rotation and GRBs
The specific angular momentum of the core changes (decreases) most during
H–burning. This is due to the long duration of H–burning, time during which
the different transport mechanisms (convection, rotationally induced mixings)
remove angular momentum from the core. Still some decrease occurs during the
core He–burning phase, then the evolution is mostly governed by convection,
which transports the angular momentum from the inner part of a convective
zone to the outer part of the same convective zone. The angular momentum of
the star at the end of Si–burning is essentially the same as at the end of He–
burning. It means that we can estimate the pre–supernova angular momentum
by looking at its value at the end of He–burning. We calculated, for the 25
M model, the angular momentum of its remnant (fixing the remnant mass to
3 M). We obtain Lrem = 2.15 10
50 g cm2 s−1 at the end of He–burning and
Lrem = 1.63 10
50 g cm2 s−1 at the end of Si–burning. This corresponds to a loss
of only 24%. In comparison, the angular momentum is decreased by a factor ∼5
between the ZAMS and the end of He–burning. This shows the importance of
correctly treating the transport of angular momentum during the Main Sequence
phase.
1
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2 Hirschi, Meynet, and Maeder
Long soft gamma–ray bursts (GRBs) have recently been connected with
SNe (see Matheson 2003, for example). One scenario for GRB production
is the collapsar mechanism devised by Woosley (1993). In this mechanism, a
star collapses into a black hole and an accretion disk due to the high angular
momentum of the core. Accretion from the disk onto the central black hole
produces bi–polar jets. These jets can only reach the surface of the star (and
be detected) if the star loses its hydrogen rich envelope before the collapse. WR
stars are therefore good candidates for collapsar progenitors since they lose their
hydrogen rich envelope during the pre–SN evolution. The question to answer is
whether the core of WR stars contains enough angular momentum at the pre–SN
stage (the specific angular momentum, jr, of the material just outside the core
must be larger than 1016 cm2 s−1). For example, our 25 M model has enough
angular momentum in its core to produce a collapsar. It also loses its hydrogen
rich envelope and therefore is a possible candidate for GRB production. This
confirms the results from Heger et al. (2003) if the effects of magnetic fields
are small. If the effects of magnetic fields are large, the core can lose a large
amount of angular momentum and cannot produce a GRB. In any case, the pre–
SN angular momentum contained in the core is larger than the one observed in
young pulsars and additional breaking is necessary during the collapse. The
question is how and when does the breaking occur (see Heger et al. 2003).
3. Stellar yields
The effects of rotation on pre–supernova models are significant between 15 and
30 M. Indeed, rotation increases the helium and C–O core sizes by a factor
1.5−2. Above 20 M, rotation may change the radius or colour of the supernova
progenitors (blue instead of red supergiant) and the supernova type (Ib instead
of II). For very massive stars (M ≥ 40M), the pre–supernova structures are
mostly affected by the intensities of the stellar winds and less by rotational
mixing. The stellar yields are presented in Hirschi et al. (2004b). The wind
contribution is significant for WR stars for 4He and 12C. Otherwise, the SN
contribution dominates. Rotation increases by a factor 1.5− 2 the yields in 4He
and metals around 20 M. In fact the yields of a rotating 20 M model are
equivalent to those of a non–rotating 26–30 M model. For very massive stars
(M ≥ 40M), rotation only increases
4He yields.
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